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Introduction 

0.1 Descendents in Gromov-Witten theory 

Let X be a nonsingular projective 3-fold. Gromov-Witten theory is defined 
via integration over the moduli space of stable maps. Let M gtr (X,(3) denote 
the moduli space of r-pointed stable maps from connected genus g curves to 
X representing the class (3 G H 2 (X,Z). Let 

evi:M gtr (X,P)^X, 

U -+M 9ir (X,P) 

denote the evaluation maps and the cotangent line bundles associated to the 
marked points. Let j%, . . . ,j r G H*(X, Q), and let 

i/> i = c 1 (L i )eH 2 (M gtn (X,P),Q). 
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The descendent fields, denoted by ^(7), correspond to the classes ^^(7) 
on the moduli space of maps. Let 



i=l 



denote the descendent Gromov-Witten invariants. Foundational aspects of 
the theory are treated, for example, in [Tj [2j IT2] . 

Let C be a possibly disconnected curve with at worst nodal singulari- 
ties. The genus of C is defined by 1 - x(0 o ). Let M g%r (X,p) denote the 
moduli space of maps with possibly disconnected domain curves C of genus 
g with no collapsed connected components. The latter condition requires 
each connected component of C to represent a nonzero class in H2 {X, Z) . In 
particular, C must represent a nonzero class (3. 

We define the descendent invariants in the disconnected case by 

■ ■ ■ T kr (jr))' = L f[ ^ev*( 7i ). 

\ / g,B J[M gir {XM mr t=l 

The associated partition function is defined by0 



z'gw(^;« li^di)) =E(IK(7<)> (i) 

i=l 7 P g& i=l 9fi 

Since the domain components must map nontrivially, an elementary argu- 
ment shows the genus g in the sum (TjQ) is bounded from below. The descen- 
dent insertions in (CQ) should match the (genus independent) virtual dimen- 
sion, 

dim \M' g>r {X, (3)] mr = J Cl (T x ) + r. (2) 

If X is a nonsingular toric 3-fold, then the descendent invariants can be 
lifted to equivariant cohomology. Let 

T = (C*) 3 

be the 3-dimensional algebraic torus acting on X. Let si, S2, S3 be the equiv- 
ariant first Chern classes of the standard representations of the three factors 
of T. The equivariant cohomology of the point is well-known to be 

H^(m) = Q[si, s 2 , s 3 ] . 



1 Our notation follows (TTl [14] and emphasizes the role of the moduli space M' g r (X, (3). 
The degree collapsed contributions will not appear anywhere in our paper. 
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For equivariant classes 7$ G H^(X,Q), the descendent invariants 

(t^i)""^)}' =[ . f[ G #t(«) 



are well-defined. In the equivariant setting, the descendent insertions may 
exceed the virtual dimension (J2J). The equivariant partition function 



Z' GW (X; w 



i=l 



T 



U T M) eQ[si,s 2 ,s 3 ]((u)) 



is a Laurent series in u with coefficients in 

If X is a nonsingular quasi-projective toric 3-fold, the equivariant Gromov- 
Witten invariants of X are still well-defined by localization residues jl]. In 
the quasi-projective case, 

T 





Z' GW [X;u 



n^(7i)J eQ(si,s 2 ,s 3 )((«)) 



For the study of the Gromov-Witten theory of toric 3-folds, the open geome- 
tries play an imporant role. 

0.2 Descendents in the theory of stable pairs 

Let X be a nonsingular projective 3-fold, and let G H2(X, Z) be a nonzero 
class. We consider next the moduli space of stable pairs 

[Ox AF] eP n {x,0) 

where F is a pure sheaf supported on a Cohen-Macaulay subcurve of X, s is 
a morphism with O-dimensional cokernel, and 

X {F) = n, [F] = (3. 

The space P n (X,{3) carries a virtual fundamental class obtained from the 
deformation theory of complexes in the derived category [30J. 

Since P n (X, 0) is a fine moduli space, there exists a universal sheaf 

¥^XxP n (X,P), 
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see Section 2.3 of [20]. For a stable pair [Ox — > F] G P n (X, (3), the restriction 
of F to the fiber 

Xx [O x ^F]cXxP n (X,(3) 
is canonically isomorphic to F. Let 

n x :XxP n (X,(3)^X, 

n P :XxP n (X,P)^P n (X,P) 

be the projections onto the first and second factors. Since X is nonsingular 
and F is 7rp-flat, F has a finite resolution by locally free sheaves. Hence, the 
Chern character of the universal sheaf F on X x P n (X, /3) is well-defined. By 
definition, the operation 



np^xd) ■ ch 2+J (F) DttM ■ )): H.(P n (X,0)) H.(P n (X,0)) 

is the action of the descendent ^(7), where 7 G H*(X, Z). 

For nonzero /3 G H 2 (X, Z) and arbitrary 7^ G H*(X, Q), define the stable 
pairs invariant with descendent insertions by 

7fci(7l) •••T*r(7r)) = f . n r *<(7i) 

The partition function is 

zJx-q IK ( 7 ,)) =E(ri ^(7)) 

Since P n (X, 0) is empty for sufficiently negative n, the partition function 
is a Laurent series in q. The following conjecture was made in |31j . 

Conjecture 1. The partition function Zp(X; q | nj=i 7 fcj(7»))fl ^ s ^ e Laurent 
expansion of a rational function in q. 

Let X be a nonsingular quasi-projective toric 3-fold. The stable pairs 
descendent invariants can be lifted to equivariant cohomology (and defined 
by residues in the open case). For equivariant classes 7^ G H^(X, Q), we see 

/ JL \ T 

MX;q 



IK(7) GQ(si,s 2 ,s 3 )((g)) 



Z P \X-q 



is a Laurent series in q with coefficients in A central result of 

is the following rationality property. 

Toric rationality. Let X be a nonsingular quasi-projective toric 3-fold. The 
partition function 

r 
i=l 

is the Laurent expansion in q of a rational function in the field Q(q, si, S2, S3) . 

The above rationality result implies Conjecture 1 when X is a nonsingu- 
lar projective toric 3-fold. The corresponding statement for the equivariant 
Gromov-Witten descendent partition function is expected (from calculational 
evidence) to be false. 

0.3 Descendent correspondence 

Let X be a nonsingular projective 3- fold. Let a be a partition of length t. 
Let A be the cohomology class of the small diagonal in the product X e . For 
a cohomology class 7 of X, let 



7 -a= £ ei®...®ei 



be the Kunneth decomposition of 7 • A in the cohomology of X . We define 
the descendent insertion 7^(7) by 

^(7)= E ^-i(^)---r Vl (^). (3) 

jl,-,3l 

For example, if 7 is the class of a point, then 

T M = T a 1 -l(P)--- T a i -l(P)- 

A central result of [29J is the construction of a universal correspondence 
matrix K indexed by partitions a and a of positive size with 

K,a 6 Q[i,c 1 ,c 2 ,c 3 ){{u)) 

and K a ~ = unless \a\ > \a\. Via the substitution 

<k = Ci(T x ), (4) 
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the elements of K act on the cohomology of X with Q[i]-coefficients. The 
coefficients K a ~ are constructed from the capped descendent vertex |29j. 
The matrix K is used to define a correspondence rule 



T ai -i(ji)--'T at -i(jt) H> r Ql _i(7i) ■ ■ -r Q ,_i(7f) . (5) 

The formula for the right side of ((SJ) requires a sum over all set partitions P 
of {1, . . . , £}. For such a set partition P, each element S G P is a subset of 
{1, . . . , £}. Let as be the associated subpartition of a, and let 

In case all cohomology classes jj are even, we define the right side of ([5j) by 



Tax-l{ll)---T 0ll -l{lE)= E I[ J2 T a( K a s ,a-ls) ■ (6) 

P set partition of {1,...,^} 5GP a 

In the presence of odd cohomology, a natural sign must be included in 
(j2D- We may write set partitions P of {1, . . . ,£} indexing the sum on the 
right side of fl§D as 

SiU...US\ P \ = {l,. ..,£}. 

The parts Si of P are unordered, but we choose an ordering for each P. We 
then obtain a permutation of {1, ...,£} by moving the elements to the ordered 
parts Si (and respecting the original order in each group). The permutation, 
in turn, determines a sign cr(P) determined by the anti-commutation of the 
associated odd classes. We then write 

7- ai -i(7i)---r af -i(7/)= E (-i)' (p) II E^K^a^sJ. 

P set partition of {!,...,£} Si£P a 



The descendent r 01 _i(7i) • ■ ■r Q< _ 1 (7£) is easily seen to have the same com- 
mutation rules with respect to odd cohomology as T ai _i(7i) • • •r Q , £ _ 1 (7^). 

The descendent correspondence proposed in [29] for all nonsingular pro- 
jective 3-folds X is the following. 

Conjecture 2. For 7, G H*(X,Q), we have 



-q)- d ^ 2 Z P [x ; q r ai _ x ( 7l ) • • • r^-!^)) 



-m)^Z' GW (X;u 



T ai -i(7i) ■ ••Tcv-iirtd ) 



under the variable change —q 
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By Conjecture [H the stable pairs descendent series on the left is expected 
to be a rational function in q, so the change of variables is well-defined. 

If X is a nonsingular quasi-projective toric 3-fold, all terms of the de- 
scendent correspondence have T-equivariant interpretations. We take the 
equivariant Kiinneth decomposition in ([3]), and the equivariant Chern classes 
q(Tx) with respect to the canonical T-action on Tx in (jlj). The toric case 
is proven in [29] . 

Toric correspondence. For 7^ e H^(X,Q), we have 



under the variable change —q = e m for all nonsingular quasi-projective toric 
3- folds X. 

0.4 Complete intersections 

Let X be a Fano or Calabi-Yau complete intersection in a product of projec- 
tive spaces, 



The main result of the paper is the proof of the descendent correspondence 
for even classes. 

Theorem 1. Let X be a Fano or Calabi-Yau complete intersection 3-fold in 
a product of projective spaces, and let 7^ e H 2 *(X, Q) be even classes. Then, 




X C P ni x ■ • • x P 



Z P (X;q r ai _ 1 (7 1 )---r tt£ _i(7/)J 6 Q(q) , 



and we have the correspondence 




under the variable change —q = e 
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If we specialize Theorem [T] to the case where all descendents are primary 
or stationary, we obtain the explicit correspondence conjectured first in [2] 
for the Donaldson-Thomas theory of ideal sheaves. 

Corollary 1. Let X be a Fano or Calabi-Yau complete intersection 3-fold 
in a product of projective spaces, and let 7, G H 2 *(X, Q) be even classes of 
positive degree. Then, 



i=i 



Zp \X;q 

and we have the correspondence 



n*-o(7i)iK(p)) e 



'-q)- d ^ 2 Zp X; 



t=l j = l / ; 



ri r o(7i) ri r ^(p) 



t=l 



under the variable change —q = e m . 

If we specialize Theorem [T] further to the Calabi-Yau case (with no de- 
scendent insertions), we obtain the following result. 

Corollary 2. Let X be a Calabi-Yau complete intersection 3-fold in a product 
of projective spaces. Then, 



Z P [X;q)^ e 



and we have the correspondence 



under the variable change —q = e lu . 



ZAX-q) =Z' GW [X-u 



Corollary |2] together with the DT/PT correspondence proven by Toda 
and Bridgeland [3] implies the original GW/DT correspondence [TBJ in case 
X is a Calabi-Yau complete intersection in a product of projective spaces. 
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0.5 BPS counts 



For complete intersection Calabi-Yau 3- folds, Theorem [T] is closely related to 
the BPS structure conjectured by Gopakumar and Vafa [5] in 1998. 

The method of [5] was to consider limits of type IIA string theory which 
may be conjecturally analyzed in M-theory. A remarkable proposal was made 
in [5] for the form of the Gromov-Witten potential F x of a Calabi-Yau 3-fold 
X. Let 

F*(u,,) = y> 2 *- 2 F>), Ff(„)= £ NfovP, 

where N X p is the (connected) genus g Gromov-Witten invariant of X in 
curve class /3. For each curve class ft G H 2 (X,'Z) and genus g, there is an 
integer n g t p counting BPS states in the associated M-theory. For fixed j3, the 
count n g> /3 is conjectured to be nonzero for only finitely many g. The formula 
predicted in [5] is: 

r x M = E E <^- 2 H i(^^f~>. ( 7 ) 

g>0^0 d>0 a U ' Z 

The BPS form (j7j) places integrality constraints on the Gromov-Witten in- 
variants. 

We can uniquely define invariants G Q by (jTJ). Neither the integrality 
nor the vanishing of n X p for sufficiently high g is then clear. As a corollary 
of Theorem [TJ we obtain the following result. 

Corollary 3. Let X be a Calabi-Yau complete intersection 3-fold in a product 
of projective spaces, and let (3 G ^(A, Z): 

(i) After the variable change —q = e lu , 

Ff (q) = Coeff^ [F x ] G Q(q) 

is a rational function invariant under q -h- q^ 1 . 

(ii) If, for all divisors (3\f3, n x ^ vanishes for all sufficiently large g, then 

71*3 ez, V(7>o. 

Corollary [3] follows easily from Theorem 1 and the results of Section 3 of 
[30] . The rationality of part (i) is slightly weaker than the full Gopakumar- 
Vafa predicted BPS form, but becomes equivalent with the vanishing assumed 
in (ii). We will return to the BPS discussion in a subsequent paper. 
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0.6 Plan of the paper 

We will prove Theorem [1] via the degeneration scheme established in [IS] . 
To control the Gromov-Witten and stable pairs theories of Fano and Calabi- 
Yau complete intersections in products of projective spaces, we must prove 
GW/P correspondences for relative and descendent insertions in several sim- 
pler geometries. 

Let D C X be a nonsingular divisor in a nonsingular 3-fold X. The first 
step in the proof of Theorem [1] is to formulate a GW/P descendent corre- 
spondence for the relative geometry Xj D. The interaction of the descendents 
with the relative divisor is explained in Section [T] with a full correspondence 
proposed in Conjecture @] of Section HT31 

The degeneration scheme of [TS] requires the study of P ^bundles 

7T : P 5 -> S 

over surfaces S relative to a section of 7r where S is either 

(i) a toric surface, 

(ii) a K3 surface, 

(iii) or a P 1 -bundle over a higher genus curve C. 

Sections |2}1H] are devoted to the proofs of descendent correspondences for the 
relative surface geometries (i)-(iii). 

The toric case (i) is studied in Section |2j For the K3 surface, the results 
of Section 8 of [29J establish special cases. The required descendent corre- 
spondence for Pk3 is proven in Section [3] after the fully equivariant relative 
descendent correspondence for the 3-fold cap is established. 

The technically most difficult results concern the surface geometries (iii). 
We study higher genus curves by degeneration to genus 0. The method 
requires establishing correspondences for special surface geometries in Section 
H] and the introduction of bi-relative residue theories in Section [5j The odd 
cohomology of the higher genus curves, discussed in Section El is controlled 
by the strategy first employed in [2"5] . 

The degeneration scheme and the proof of Theorem [1] is presented in 
Section [7J In fact our methods are valid in any context in which the Fano 
or Calabi-Yau 3-folds can be efficiently degenerated. As an example, the 
GW/P correspondence for the Enriques Calabi-Yau is discussed in Section 
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17.61 The application of relative and descendent methods to the GW/P cor- 
respondences for non-toric Calabi-Yau geometries has been one of the major 
motivations for our work in [26j [27J [281 129] ■ 
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1 Relative theories 
1.1 Definitions 

Let A be a nonsingular 3-fold with a nonsingular divisor D C X. Rela- 
tive Gromov-Witten and relative stable pairs theories enumerate curves with 
specified tangency to the divisor D. See [H| [26] for a technical discussion of 
relative theories. 

In Gromov-Witten theory, relative conditions are represented by a parti- 
tion fi of the integer J^f-D], each part /i, of which is marked by a cohomology 
class 7j G H*(D,1i). The numbers /ij record the multiplicities of intersec- 
tion with D while the cohomology labels 7j record where the tangency occurs. 
More precisely, let M (X/D, 0)^ be the moduli space of stable relative maps 
with tangency conditions [i along D. To impose the full boundary condition, 
we pull-back the classes 7$ via the evaluation maps 

M^ r (X/D,(3),^D (8) 

at the points of tangency. By convention, an absent cohomology label stands 
for 1 G H*(D, Z). Also, the tangency points are considered to be unordered^] 

2 The evaluation maps are well-defined only after ordering the points. We define the 
theory first with ordered tangency points. The unordered theory is then defined by dividing 
by the automorphisms of the cohomology weighted partition fi. 
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In the stable pairs theory, the relative moduli space admits a natural 
morphism to the Hilbert scheme of d points in D, 



P n {X/D,P)^mib(D, f [D]) . 

Jb 



Cohomology classes on Hilb(D, /«[£)]) may thus be pulled-back to the relative 
moduli space. We will work in the Nakajima basis of H*(Bi\b(D, JJD]),Q) 
indexed by a partition ji of JJD] labeled by cohomology classes of D. For 
example, the class 

//> e H*(EHb(D, J [D]), Q) , 

with all cohomology labels equal to the identity, is times the Poincare 

dual of the closure of the subvariety formed by unions of schemes of length 



Vein) 



supported at £(fi) distinct points of D. 

The conjectural relative GW/P correspondence for primary fields 
equates the partition functions of the theories. 

Conjecture 3. For 7^ G H*(X,Q), we have 



'- q )- d ^Z P (X/D;q 



To(7l)---7o(7r) 
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T {ll) ■ ••T (7r) 



after the change of variables e m = —q. 

As before, Z P (^X/D; q \ r (7i) • • -T (7 r ) fij is conjectured to be a ratio- 
nal function of q. 



1.2 Diagonal classes 

To state our results for the Gromov-Witten/Pairs descendent correspondence 
in the relative discussion of diagonal classes is required. 

For the absolute geometry X, the product X s naturally parameterizes s 
ordered (possibly coincident) points on X. For the relative geometry X/D, 
the moduli space of s ordered (possibly coincident) points 

( Pl ,..., Ps ) eX/D 
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is a more subtle space. The points are not allowed to lie on the relative 
divisor D. When the points approach D, the target X degenerates. The 
resulting moduli space (X/D) s is a nonsingular Deligne-Mumford stack. Let 

A re , C (X/D) s 

consisting of the small diagonal where all the points pi are coincident. As a 
variety, A re | is isomorphic to X. 

The space (X/ D) s is a special case of well-known constructions in relative 
geometry. For example, (X/D) 2 consists of 6 strata: 





D 




2m 



D 
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X 



X 




As a variety, (X/D) 2 is the blow-up of X 2 along D 2 . And, A re | C (X/D) 2 is 
the strict transform of the standard diagonal. 

Select a subset S of cardinality s from the r markings of the moduli space 
of maps. Just as M gr (X,f3) admits a canonical evaluation to X s via by 

the selected markings, the moduli space M gr (X/D,/3)^ admits a canonical 
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evaluation 

ev 5 :M; ir (X/A/3V-> (X/D) s , 

well-defined by the definition of a relative stable map (the markings never 
map to the relative divisor). The class 

ev|(A rel ) e H*(M' gir (X/D,f3)J 

plays a crucial role in the relative descendent correpondence. 
By forgetting the relative structure, we obtain a projection 

7i : (X/D) s -> X s . 

The product contains the standard diagonal A C X s . However, 

vr*(A) ^ A re , . 

The former has more components in the relative boundary if D ^ 0. 

1.3 Relative descendent correspondence 

Let a be a partition of length £. Let A re i be the cohomology class of the 
small diagonal in (X/D) e . For a cohomology class 7 of X, let 

7 ■ A re | G h*((x/dY, Q). 

We define the relative descendent insertion T a (j) by 

^(7) = VC" 1 • • • 4' 1 ' 1 ■ ev l../7 • A rel ) . (9) 

In case, D — 0, definition ([9]) specializes to ([3]). 

Let f2jf[-D] denote the locally free sheaf of differentials with logarithmic 
poles along D. Let 

T x [-D] = tt x [D] v 

denote the dual sheaf of tangent fields with logarithmic zeros. 

For the relative geometry X/D, we let the coefficients of K act on the 
cohomology of X via the substitution 

c i = c i {T x [-D}) 
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instead of the substitution c, = T x used in the absolute case. Then, we 
define 



r Ql -i(7i)---^_ 1 ( 7 .)= £ II X>a(K Qs , S -7s) (10) 

P set partition of S£P ^ 

as before via instead of 

Definition ffTQ|) is for even classes 7$. In the presence of odd 7$, a sign has 
to be included exactly as in the absolute case. 

Conjecture 4. For 7$ G H*(X,Q), we have 



'-q)- d ^zJx/D-q 



r ai -i(7i) ■ • •T 0t£ _i(7£) 



• r, 



(7€ 



under the variable change —q = e tu . 

In addition, the stable pairs descendent series on the left is conjectured 
to be a rational function in q, so the change of variables is well-defined. 
Conjecture H] is also well-defined in the equivariant case with respect to a 
group action on X preserving the relative divisor D. Definition (Q lifts 
canonically to the equivariant cohomology. The coefficients of K act on the 
equivariant cohomology of X via the equivariant Chern classes Ci(Tx[—D]). 



1.4 Degeneration 

There is no difficulty in proving the compatibility of Conjectures |2] and H] 
with respect to the degeneration formula. In fact, both definition (Q and 
the replacement of Tx by Tx[— D] are required for compatibility with degen- 
eration formula. Definition (|9]) canonically lifts the diagonal splittings which 
occur in the correspondence for the absolute case. 

The log tangent bundle arises for the following reason. Let 

7T : B 



be a nonsingular 4-fold fibered over an irreducible nonsingular base curve B. 
Let X be a nonsingular fiber, and let 

X\ Ud X2 
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be a reducible special fiber consisting of two nonsingular 3-folds intersecting 
transversally along a nonsingular surface D. Let T^f— X\— X 2 ] be the tangent 
bundle of the total space X with logarithmic zeros along X\ Uo^. The basic 
restriction property 

c(T x [-X 1 -X a ])\ Xi = c(T Xl [-D]) 

holds on the special fiber. The Chern classes of the tangent bundle of a 
general fiber of tt therefore are extended by the Chern classes of the log 
tangent bundle of the special fiber. 

Since the compatibility with degeneration will play an important role in 
the paper, we state the result (a formal consequence of the usual degeneration 
formula in Gromov-Witten theory). 

Compatibility with degeneration. Let 71, . . . , 7^ be cohomology classes 
on the total space X. We have 



z 'g\n( x ^-1(71) ■ • - T a e -ihe) ) 

J2 Z'^yXx/D J] r B4 _i(7 < ) /ij i{n)u 



P 



ieh 



n T <H-idi) 



rf2 



The sum is over all marking distributions and curve class splittings 

hUl 2 = {l,. ..,£}, P = P! + 02, 

and all boundary conditions fi along D. 

The boundary conditions /1 are partitions weighted by elements of a fixed 
basis of H*(D, Q). The boundary condition /i v has the same parts as \i but 
with weights given by dual elements of the dualfl basis of H*(D,Q). The 
gluing factor is defined by 

3(M) = Il^-| Aut (M)l (H) 

i=i 

The first factor in (fTTl) is simply the product of the parts of \i. The second 
term is the order of the symmetry group of fi as a weighted partition. 



3 With respect to the intersection pairing. 
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1.5 Relative results 

The first results about the descendent correspondence in the relative case 
concern projective bundles over a nonsingular surface S. Let 

Lq, Loo S 

be two line bundles. The projective bundle 

P s = P(L (BL oo )^S 

admits sections 

S t = P(L t ) C P 5 • 

We will establish the relative descendent correspondence of Conjecture @] for 
Ps/Soo and Ps/S U when S is a toric surface. 

There is a canonical C*-action on P$ by scaling the coordinates on the 
P 1 -fibers, 

£-Moo] = [#o,Joo], eeC*. (12) 

We denote by t the generater of the equivariant cohomology of C*. We 
will prove Conjecture H] for P5 equivariantly with respect to the fiberwise 
C*-action (tT2|). 

Theorem 2. Let S be a nonsingular projective toric surface. For classes 
7i G H^,(P S ,Q), we have 



Zp^Ps/Soo] q 



7- ai -l(7l) ' ■■Tat-l(lt) 



C* 

Ml e 







and i/ie correspondence 



;-g)-^/ 2 Z P (P 5 /5 0O ;g 



t-oi-iCtO-'-^-iCt/) 



(-i«)4^HHWp 5 /S 



7-ai-l(7l)---Ta*-l(7/) 



under the variable change —q = e lu . 

The parallel result holds when the projective bundle geometry is taken 
relative to both sections. 
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Theorem 3. Let S be a nonsingular projective toric surface. Consider the 
relative geometry P s /S U S^. For ji e H^(P S , Q), we have 



Z P [v 



r ai-l(Tl) ■ ' -Ta £ -l(7<) 



C* 



and £/ie correspondence 



7-01-1(71) •• - T ^-i (7<) 



(_iu)^+^)-l"l+^)-M Z ' Gw ^ 



7-ai-l(7l)---To«-l(7/) 



under the variable change — g = e m . 

Theorems [2] and [3] will be proven in Section |2j We will use the absolute 
toric correspondence and the relative projective bundle geometries to prove 
Theorem [1] in Section [71 



2 Proofs of Theorems 2 and 3 



2.1 Conventions 

Localization with respect to the fiberwise C*-action will play a central role in 
the proofs of the descendent correspondence for the relative projective bundle 
geometries. We will use the localization formula for Pg/ in a capped form 
following [T7J [29] . We review the constructions here. 

Since the fiberwise C* acts trivially on S, we have the simple characteri- 
zation 

H* C «(S,Q) = H*(S,Q) ® ( 
Via the C*-invariant projection 

7T : Pg -> S , 

there is canonical pull-back 

ir*:H^(S,Q)^H^(P s , 
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The localized C*-equivariant cohomology of Ps is a free module of rank 
2 over the localized C*-equivariant cohomology of S, 

H^(P s ,Q)i=H* c *(S,Q)i_ ■ [So] © Q) 1 ■ [S^]. (13) 

The normal bundles of So and Soo in P5 are 

N* = Lqo ® L* and N = L <g> 

respectively. Under the isomorphism (fl3|) . we have 

7r*(7) = ZT^N + ^t^oo], jeH* c *(S,Q) (14) 

where JV = c x (K) G H*(S,Q). Equation flU]) is the Atiyah-Bott localization 
formula for the fiberwise C*-action on P5. 

Let L G H 2 (S, Z) be a fixed ample polarization of 5. We will measure the 
S-degree of curve classes on P5 via it push-forward followed by intersection 
with L, 

L p = I L-tt*(/3) . 
Js 

Let [P] G H 2 (Ps, Z) be the class of a fiber of 7T. We have an exact sequence 

— >• Z[P] — )• if 2 (Ps, Z) ^> # 2 (S, Z) — > . (15) 

The only effective curve classes with Lp = are multiples of [P]. 

The inclusions of S via So and Soo determine two sections of the surjection 
in (PSJ|. Let 

Eff(So), Eff(S 0O )cif 2 (P5,Z) 
denote the effective curve classes supported on Sq and Soo respectively. 

2.2 Log tangent bundle 

The definition of the descendent correspondence 

for the relative geometry Ps/S^ requires the Chern classes of the log tangent 
bundle T Ps [—Soo] . 

Similarly, for the relative geometry Ps/So U Soo, the Chern classes of 
Tp s [— Sq — Soo] are required. 
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Lemma 1. The total Chern classes are 

ciT^l-S^}) = c(t:*T s )-(1 + [S }) , 
c(T Ps [-S - Soo]) = c(n*T s ) 

in the C* -equivariant cohomology ofP$ for the fiberwise action. 

In both cases, the restriction of the Chern classes to Soo involves only 
classes pulled-back from 5* via tt. We leave the elementary derivation of 
Lemma [I] to the reader. 

2.3 Capped localization 
2.3.1 Capping over So 

Let P n (Ps/ Soo, be the moduli space of stable pairs with boundary con- 
dition given by /i. Let a be a partition of positive size, and let 

r = ( 7l ,..., 7 ,), 7i eH*(S,Q) 

be a vector of cohomology classes. Let 

Ta(r ) = r Q1 _i(7i[5'o]) . . ■r ae _ 1 ('y e [So}) 

be the associated descendent insertion over S . We can study the partition 
functions 

~~ ' r«(r ), (16) 



g • / [M g ,JP s /SU/3) M ] w 



via localization with respect to the fiberwise C*-action. Recall, T a (ro) is 
defined by (fTUl) and is a sum of terms. For the stable maps moduli space, the 
number of markings depends upon the summand of T a (T ), and is denoted 
by *. 

The stable pairs capped descendent over So is a sum of particular local- 
ization contributions to (1161). Let 



U n ,/3,n C P n (Ps/ Soc, P)l 
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be the open locus corresponding to stable pairs which do not carry com- 
ponents of positive S-degree in the rubber over S^. The open set U n ^^ is 
C*-invariant and has compact C*-fixed locus. Indeed, the fixed locus 

consists precisely of the C*-fixed loci of Pn(Ps/Soo, (3)^ with no components 
of positive S-degree in the rubber over Soo- Unless the curve class (3 is of the 
form 

/9 = A> + M[P], AeEff(So), (17) 

the open set U n ^ jtt is empty. The stable pairs capped descendent over S is 

C p (r a (T Q ),(3), = J2<l n f , . r a (T ) G ®[t,~)((q)), (18) 

well-defined by C*-residues. If condition (ITT)) is not satisfied, Cq (r a (r ), 0)^ 
vanishes. 

For Gromov-Witten theory, we consider the parallel open set 

corresponding to stable maps which do not carry curves of positive S-degree 
in the rubber over S^. The open set U g ^^ is C*-invariant and has compact 
C*-fixed locus. We again define the Gromov-Witten capped descendent over 
So via C*-residues, 

C GW fe(TU/3) =5> 29 " 2 L Woj eQ[t,h(u)). (19) 

The capped descendent (IT91 vanishes unless condition (TTTj) is satisfied. 
2.3.2 Capping over Soo 

We can similarly define the capped contribution over S^. Let 

7-s(foo) = r-^ifSoo]) . . .r-_! (74^oo]) • 
Consider the integrals 

£<f/ Ttfioo) (20) 
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E^ 2 L ^(roo) 

via localization with respect to the fiberwise C*-action. 

The stable pairs capped descendent over is again a sum of particular 
localization contributions to (!20|) . Let 

W n c P„(P s /5'o U Socft)^ 

be the open locus corresponding to stable maps which do not carry compo- 
nents of positive S-degree in the rubber over Sq. The open set W n) p )Vttt is 
C*-invariant and has compact C*-fixed locus. The fixed locus 

consists precisely of the C*-fixed loci of P n (Ps/So U S^, f$) v ,n with no com- 
ponents of positive .S-degree in Sq. Unless the curve class (3 satisfies 

/?=M[P]+/?oc, /3oo G Eff^oo), (21) 

the open set W n) p jl/ifl is empty. The stable pairs capped descendent over Soo 
is 

C^(T 00 ),^ = 5:?"/ ,.7-Cfeo) GQ[fi]((g)) (22) 

well-defined by C*-residues. The capped descendent ( 1221 vanishes unless 
condition f T2~T]) is satisfied. 

For Gromov-Witten theory, we consider the parallel open set 

corresponding to stable maps which do noi carry curves of positive S-degree 
in the rubber over Sq. The open set W g ^ >v ^ is C*-invariant and has compact 
C*-fixed locus. We define the Gromov-Witten capped descendent over S^ 
via C*-residues, 

C^(*s(f «,),/?) = E^ 2 /~ , . ^(f oo) eQ[*,i]((u)). (23) 

The capped descendent ( 1231) vanishes unless condition ( )2T|) is satisfied. 
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2.3.3 Capped localization formula 

Let $ = (0i, . . . , (fif) be a graded basis of H*(S, Q), and let 4>X , . . . , (fi be a 
dual basis satisfying 

J (j)i ■ 0j = . 

We take the cohomological weights of the relative boundary condition fi to 
lie in the basis $. Let /i v then denote the boundary condition obtained by 
replacing each </>j by the Poincare dual class 0V. 

Let /3 G H2(Ps, be a curve class. A splitting of (3 of type <i > is a 
pair of curve classes /3q, (3oo of Ps satisfying 

o eES(S o ), /3oo G EffOSoo), and /3 + d[P] + /?oo = 

We will often denote the type of a splitting by , 

P = A) + d[P] + /?oo • 

A given j3 G -/^(Ps, ^) admits only finitely many such splittings. 

The capped localization formula for Ps/Soo is is easy to state in terms 
of the capped descendents over S and S^. First consider the stable pairs 
partition function^ 



Z /3, M ( r «( r 0) • T a( r oo)) = 

? 9 *Lp.,«. J ,.,.n^[*i)-n^-.(%[*.i)- 



[Pn(Ps/S o,/3) M ]« 

The capped localization formula is 

Z L (r a (r ) ■ ^(foo)) = 



£ C p (r Q (r ), O + d[P)) v { 1)M ^ )i(y) C£te(f oo), d[P] + /?oo),v 
The sum on the right side is the triple sum 

EE E • 

d>0 p Q +d[P]+ 0oo=P \v\=d 



4 We depart slightly from the notation of the Introduction for more efficient presentation 
of the data. 
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The gluing factor $(v) is defined by (TTTT) . 

The parallel partition functions in Gromov-Witten theory is 



Z 



E^ 2 L , „ . IK-i^N) ' II^-i(7i[5cc]), 



and the capped localization formula is 



C GW (^), /% + dp]) u 2 ^ ^(^(foo), dp] + /3oo ; . 



where again the sum on the right is the triple sum 

EE E • 

d>0 /3 +d[P]+/3oo=^ k|=d 

2.3.4 Capped edge 

In the capped localization formulas of [TT] 129], there are also capped edge 
terms 

Cm = E<f/ i, 

n J[Pn(Ps/SoUSoo,d[P])M] 1 '"' 

z'/" = E^~ 2 /- 1 

V ^[Af g (P s /S US tx> ,d[P]) M ]™'- 

where d = = By the following result, the capped edges here are 
trivial, and hence need not be included in the capped localization formulas. 



Lemma 2. We have the evaluations 

rP 



7^ - x \ > n o 



7 /GW r J_ v -2i(v) 



'Since So and 5*00 are disjoint, we have 



T Q (r ) • t^Too) = T Q (r ) • r-(roo) 

by definition (fTUl) . 
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Proof. We use the standard degeneration of Ps/S U to 

P s /S US„U P 5 /S U . 
For the stable pairs, the degeneration formula for the capped edges is 
=ECav (-l) |A '- £(A) 3(A)g^' . 

A 

The capped edge evaluation follows immediately. A parallel argument is valid 
in Gromov-Witten theory. □ 

2.4 Proof of Theorem H 
2.4.1 Correspondence over So 

We will use the capped localization formulas together with C*-equivariant 
descendent correspondences for the capped contributions over So and to 
prove Theorem [2j 

To study the contributions over So, we require the full torus action. Since 
S is a toric surface, a 2-dimension torus T acts on S. We lift T to the line 
bundles Lq and L\. Let T be the full 3-dimensional torus acting on the 
relative geometry P^/Soo, 

T = T x C*, 

where the second factor is the fiberwise C*. 

The capped contribution over So is not difficult to understand. The open 

sets 

U nA „ C P n (P5/Soo, (3)„ U aAlt C M^Ps/Soo, P), (24) 

after localization with respect to the T-action yield only the standard capped 
descendent vertices at the T- fixed points of S . 

We consider capped contributions over S in curve class 

P = p + d\P], A) G ErT(So). 
Let fj, be a boundary condition along Soo with = d. 

Proposition 3. The C*-equivariant descendent correspondence for the capped 
contributions over So holds. We have Cq (r Q (ro), 0) € Q{q,t) and 

{-q)- d ^ C P (T a (r ), 0) = C GW (^),/3) 

under the variable change —q = e lu . 
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Proof. We apply T-equivariant localization to the open sets (|2"4"1) to express 
capped contributions in terms of descendent vertices [25] . We then apply the 
GW/P correspondence established in Theorem 8 of [29]. Since the C*-fixed 
locus is compact (for the fiberwise C*-action), we may set the equivariant 
parameters of T to 0. □ 

2.4.2 Correspondence over Soo 

The next step is to prove a descendent correspondence for the capped con- 
tributions over Soo- Consider capped contributions over Soo in curve class 

P = d\P] + oo , Poo G Eff(S' 00 ). 

Let z/, /i be boundary conditions along S and Soo with \u\ = d. 

Proposition 4. The C*- equivariant descendent correspondence for the capped 
contributions over Soo holds. We have Cj^ \Taftoa)> P) v £ Q(<2S s ) an d 

(-9)-** C (r«(f „), ft) = (_i„)^M-M+«W-M (^E), /?) 

under the variable change —q = e lu . 

Theorem [2] is an immediate consequence of Propositions [3] and 0] and the 
capped localization formulas for Ps/Soo- 

2.4.3 Induction strategy 

If /3 is not an effective curve class, both capped descendent contributions over 
vanish and Proposition 0] is trivial. 

We will prove Proposition @] for effective curve classes by induction on Lp 
and the length £(a). The base case is 

L/3 = and £(a) = . 

If L/3 = 0, then (3^ = 0. If £(a) is also 0, the capped contribution over Soo 
is equal to the capped edge term determined by Lemma [2j Proposition [4] for 
(3oo = and £{a) = is then easily seen to hold. 

Consider capped contributions over Soo in curve class 

/3 = rf[P]+/3 0O , ^eEff(S M ). 
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Let v and ji be relative conditions along S and with \u\ = d. We take 
the cohomology weights of v and /i to lie in the basis 

of H*(S,Q). Let deg(z/) and deg(/i) be the sum of the (complex) degree^] 
of the cohomology weights of v and fi respectively. The codimensions of the 
relative conditions v and fi are 

9(v) = \v\ — £{y) + deg(z/) and 6>(/i) = — + deg(^) . 

For the vector T = (71,..., 7^) associated to the descendent insertion, 
define^ 

deg(f) = V deg(7,), 7* e Q) . (25) 

1 8=1 

The maximum value of deg(r) is 2£. 

We will prove Proposition H] for the capped contributions 

Cfo(f 00), /?),,„ C^r^),/?) . (26) 

By induction, we assume Proposition H] has been established for all capped 
contributions 

satisfying at least 1 of the following 4 conditions: 

• Lpi < Lp , 

• Lpi = Lp and £(«') < £(a), 

• £3/ = Lp, e(a') = £(a), and deg(P) > deg(f), 

• Lpi = Lp, £(a') < 1(a), deg(r') = deg(f), and 6{v') < 6{v). 

Via the third condition, we include a reverse induction over deg(r). Since 
deg(r) < 2£, the reverse induction is possible. 

The proof of the induction step requires the C*-localization formula for 
the capped descendent contributions over in terms of rubber moduli 
spaces. A review of the basic facts is presented in Sections 12.4.41 and 12.4.51 

6 We will always use the complex grading (which is i of the real grading). 
7 Again, we use the complex grading. 
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2.4.4 Rubber geometry 

The capped contributions fl26|) over Soo are defined via C*-residues. The 
C*-localization formula for the capped contributions has three parts: 

(i) rubber integrals over So, 

(ii) edge terms, 

(iii) rubber integrals over Soo- 

The edge terms for stable pairs and stable maps are determined by Lemma 
EJ We discuss the rubber integrals here. 

Consider first rubber^] geometry for the moduli of stable pairs. Let 

P n (P S /S U Soo, 0)ls C P n (P/S U Soo, 0)e,6 

denote the open set with finite stabilizers for the fiberwise C*-action and no 
destabilization over Soo- The rubber moduli space, 

P n (P S /So U Soo, P)Zs = Pn(P/S U Soo, 0T e , S I C*, 

denoted by a superscripted tilde, is determined by the (stack) quotient. The 
rubber moduli space carries a virtual fundamental class, 

[P n (P 5 /SoUSoo,/3)~ 5 r. 

The fiberwise C*-action is lost after the quotient, the fiberwise C* acts triv- 
ially on the rubber moduli space. 

The rubber moduli space P n (Ps/So U Soo, /3)~ s carries cotangent lines 
associated to So and Soo- A construction can be found in Section 1.5.2 of 
HBl- Let 

^o, ^oo e H 2 (P n (P s / S u Soo, Q) 

denote the associated cotangent line classes. 

8 We follow the terminology and conventions of the rubber discussion in [55] for stable 
pairs and [18] for Gromov-Witten theory. 
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The C*-localization formula for the capped descendent contribution over 
for stable pairs is: 



C(^(foo),/3W 



IAI=d 



P 



1 \ (-1) |A| ^ (A) 3(A) 



V _vT/ -fj i 



q 



^^Ar^ + m))^- (27) 



Here, R^ p i denotes the generating series for rubber integrals over S C Ps of 
curve class d[P] and inverse cotangent line integrand. Similarly, denotes 
the generating series of rubber integrals over C P$ of curve class (3. 
For Gromov-Witten theory, a parallel discussion yields the C*-localization 
formula: 



2.4.5 Virtual dimensions 

The virtual dimensions of the stable pairs and stable map spaces are 

dim [P n (P s /S U S^, P)^}™ = dp- 9{v) - 6(ji) , 
dim [M'g/Ps/S^ (3) u X r = dp + £- 6{u) - 6(h) . 

The virtual dimensions of the rubber moduli space are 1 less, 

dim [P n (P s /S U Soo, P):j vir = d p - 9{v) - 6{y) - 1 , 
dim[M; / (P 5 /5 0O ,/3)^]^ = d p +£-9(u)-9(ji)-l. 

2.4.6 Proof of the induction step 

We return to the proof of Proposition H] via the induction strategy of Section 
12.4.31 We must prove the descendent correspondence for the capped contri- 
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butions (1251) assuming the induction hypothesis. The analysis divides into 
two cases. 

Case I. |a| - 2£(a) + deg(f) > dp - 6(y) - 6(fi) 

Under the hypothesis of Case I, we will prove the vanishing of both sides 
of the descendent correspondence of Proposition H] for capped contributions 
over Soo by a straightforward dimension analysis. 

First, consider the moduli space of stable pairs. Formula (|27|) expresses 

in terms of integrals over rubber moduli spaces. The rubber over Sq carries 
curve classes with S'-degree 0. In formula (127|) . if 

e(u) + e(x) > 2d, 

then the rubber integrals over Sq vanish (since the the virtual dimension^] of 
the rubber moduli spaces over So is 2d — 1). Therefore, 

6(\ v ) > 0(y) . 

As a consequence, the virtual dimensions of the rubber moduli spaces over 
Soo in d2ZD never exceed 

dp - 9{y) - 9(jj.) - 1 . 

The dimension of the integrand on the rubber of oo is at least the dimension 
of 

dim( J] ^-i(7i)) = l«l - 2£{a) + deg(f) > dp - 6{v) - - 1 , 

i=l 

where the inequality is by the hypothesis of Case I. We conclude every rubber 
integra over Soo in (127|) vanishes and hence 

C fe(f«), 0)^ = 0. 

9 Thc leading q term of R^p] j given by the intersection pairing between v 

and A, is degenerate. 

10 All the rubber integrals are non-equivariant (there is no C*-action). For a nonvanishing 
result, the integrand can not exceed the virtual dimension. 
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The arugment for the vanishing of C^ /v fr^(r oo ), /3J is identical. We use 

the compatibility of the correspondence with grading established in Proposi- 
tion 24 of [29] and the identification of the log tangent bundle of Lemma [TJ 
Degree can be interchanged between the cotangent lines and Chern class of 
Tp s (— So — Soo). However, since 

c(T Ps [-S - Soo]) = c(vr*T s ), 

the dimension calculus for the vanishing remains unchanged. We conclude 

C^ W (^E),/3) =0. 

Proposition H] is established in Case I. 



Case II. |S| - 2t(a) + deg(f) < dp - 6{v) - 0(n) 

The capped contributions need not vanish under the hypothesis of Case II. 
However, we will find parallel inductive relations to establish the descendent 
correspondence of Proposition HI 

To each partition A weighted by cohomology classes of S in the basis $, 

t{\) 

((X 1 ,8 1 ),...,(X i(x) ,S e{x) )) , |A| = X)Ai, 5,G$, (29) 

t=i 

we associate a descendent insertion over So, 

r lM = T-Ai-l^lf^o]) • • •T Xi(x) -l{S e{ x)[So}) . 

The dimension of the descendent insertion r[A] equals 0(X). 

Let A„ be the set of cohomology weighted partitions ( 1291) defined by 

{A |A| = 0(A) = 6{v) } . 



A,. 



Since there are only finitely many partitions (I2"9l satisfying |A| = \u\, the set 
A u is finite. 

For each cohomology weighted partition A G A u , consider the stable pairs 
and Gromov-Witten generating series 

A, (r[A] ■ r^(f Id )) C * = 

, , „. IK-iOW) -II^-i(7i). (30) 
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e^~ 2 L , , . . n^-i^^oD-n^-iao- 

T J[m s , 1 (p s /s 00 ,«,]«y / J 

The dimension of the integrand in for the stable pair series fl30l) is 

9(v) + \a\ - 2£(a) + deg(f), 

and the dimension of the moduli space of stable pairs is dp — 9 (fx). By 
the hypothesis of Case II, the integrand dimension is strictly less than the 
dimension of the moduli space. By compactness of the geometry, the series 
(J3"0j) vanishes identically, 

A, [r[X] ■ T~(T M )f = . (31) 
An identical dimension count shows 



■ r s( r *0J =o- (32) 

The relations (I3~l~]) - (l32]) will be used to uniquely determine the capped con- 
tributions 



C^teCr.),/?). CSriT-CToo),/?) , P = dpP] + /3oo • (33) 



"•A' 



Moreover, the determinations will be sufficiently compatible to prove the 
correspondence of Proposition @] for (1331 . 

We will expand relations (13"TT)- (I3"2"I) using the capped localization formula. 
First, we write 

%-i<%) = (=i^N) + ^-i (r^P-l) < 34 > 

using the basic identity ( fl4"l) . We have already proven the descendent corre- 
spondence for almost all the terms of the parallel capped localization formulas 
for (I31~l) - (l32l . The correspondence is proven for all the capped contributions 
over So by Proposition [31 Also, the correspondence is proven for all the 
capped contributions over which are covered by the induction hypothesis 
of Section 12.4.31 We can write 



(-\\\p\-t.{p) % ( n \ „ 
= J2 C p (r[A], d[P]) p [ ) * [P) - C^^), /3) p v„) + 

\n\=d " V 1 / 



|p|=d 
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0= E C GW (r[A],rf[P]) p3 (p)^ (p) (j)^ C^(r-(r oo ),/3) p ,,,) + ..., 
IpH V J 

where the sums are over all cohomology weighted partitions p of d. The dots 
stand for terms covered by the first 3 inductive conditions: 

• lower S-degree over S^, 

• fewer descendent insertions over 5*00, 

• higher descendent degree over Soo- 

The induction condition over descendent degree is used to replace 



t + N t t 2 t 3 

by the leading term (note N 3 = in H*(S, Q)). 

Using the 4 th induction condition, the relations can be simplified further. 
The capped contributions over So, 

C P (r[A],d[P]) p , C GW (7[Aj,d[P]) p 

have curve class of S-degree 0. Hence, the capped contributions equal the 
full stable pairs and Gromov-Witten partition functions 



C (r[X],d[P]) p = Z^ d[np (r[X]f 

7 /GW 1 
-d[P],p{ 



C GW (r[A],d[P]) p = ZS>[A])' 



Since the moduli space P n (Ps, d[P]) p has virtual dimension 2d — 6(p), we see 
only terms with 

6(\) + 6(p)>2d 

occur in the stable pairs relation. A parallel dimension count yields the same 
conclusion on the Gromov-Witten side. When the inequality is strict, we 
have 

0(A) + 6{p) >2d 9(p v ) < 9(\) = 0{v), 

so the terms are covered by the 4 th induction condition. 

The final forms we find for the principal terms on the right side of the 
relations (l3Tj)-(l32l) are the following: 

(_i)IpM(p) 3 ( p ) nyw 

\p\=d, 9{p)=9{v w ) 



E c p (t[a], d[p]) p [ ) * [p) - C^r^), 

f)( n ~\=f)(vV\ H \ l / 
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E C GW (r[A],rf[P]) p3 (p)^ (p) (~) Or s (f 00 ),/3) p v, M ) + ..., 
| P |=d, e(p)=fl(i/ v ) w 

The capped contributions 

O^(foo),/3V,,), c™!^),^) 

as p varies yield exactly |A„| unknowns. As A varies, we obtain exactly \A V \ 
equations. The coefficients of the system are nonsingular by Proposition 6 of 
[27] on the stable pairs side (and therefore also on the Gromov-Witten side by 
Proposition [3]). Hence, the relations uniquely determine all the unknowns in- 
cluding (I3"3l . Since the descendent correspondences have already been proven 
for all of the terms besides the unknowns, we conclude Proposition H] holds 
for (1331 . The induction step has been established □. 

2.5 Proof of Theorem [3] 

The capped localization formulas for stable pairs and stable maps for the 
relative geometry P s /S U have contributions over So and S^. Both 
take the form of the capped contributions over for the relative geome- 
try Ps/Soo. Hence, both are covered by the descendent correspondence of 
Proposition HI Theorem |3] follows immediately. □. 

2.6 Non-toric surfaces 

Let S be a nonsingular projective surface (not necessarily toric) with line 
bundles 

Lo, S . 

As a consequence of Conjecture^ Theorems [2] and [3] should hold for non-toric 
S exactly as stated. 

In fact, our proofs of Theorems [2] and [3] are valid for any nonsingular 
projective surface S for which Proposition [3], concerning the correspondence 
for capped descendent contributions of Ps/Soo over So, holds. The toric 
hypothesis for S was only used to establish Proposition [3] via the descendent 
correspondence of [29J for capped vertices in toric geometry. 

In order to prove Theorem [H we will require Theorem [2] for particular 
non-toric surfaces. Let 

e : S -> C 
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be a surface S expressed as a P 1 -bundle over a curve of genus g. Let 

be line bundles. We will prove Proposition _\ for S and the line bundles 

e*L c , e*Lg -+ S (35) 

in Section [6j As a consequence, Theorem _] will also hold for the geometry 
determined by the data ( 1351) . 

In the proof of Theorem _\ K3 surfaces will also appear. A special case 
of Theorem _\ for K3 surfaces S (in the non-equivariant limit) has been 
established in Proposition 26 of [29]. In Proposition ITUl of Section [3.81 we 
will prove the results we require for K3 surfaces. 

3 Descendent correspondence for the cap 
3.1 Overview 

The 1-leg cap is the total space of the trivial bundle, 

N = P i © P i -> P 1 , (36) 

relative to the fiber 

iVooCiV 

over oo G P 1 . The total space naturally carries an action of a 3-dimensional 
torus 

T = T x C* . 

Here, T acts by scaling the factors of N and preserving the relative divisor 
Aqo. The C*-action on the base P 1 which fixes the points 0,oo 6 P 1 lifts to an 
additional C*-action on N fixing Aoo. Let the tangent weights at 0, oo G P 1 
with respect to the last C*-factor be —S3 and S3 respect ivelyl"1 

The equivariant cohomology ring H^{*) is generated by the Chern classes 
Si, S2, and S3 of the standard representation of the three C*-factors. Following 



lr The tangent weight conventions here match [26] . 
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we define 
/ k k> \ cap T 

4 n^([°i) ij>,(m) 

\i=i j'=i 3 



k k' 



^ qn L mN d n- n ^ ([ ° ]) II^(M), (37) 



by T-equivariant residues. By Theorem 3 of 1 26] , the partition function ()3 
is a Laurent series in q of a rational functional in Q(g, si, s 2 , s 3 ). Let 



z s w ( rin,([o]) n^(M) 

i=i i'=i 



cap,T 



k k' 

£^ 2 L , , n^([o]) n^,(M)> (38) 



be the parallel Gromov-Witten partition function. 

Our goal here is to prove the relative descendent correspondence of Con- 
jecture S] for the fully T-equivariant partition functions (!37|) and (!38|) . 

Theorem 4. For the cap geometry N/N^, we have 

k k' s caP; T 



-<?r% p J n^a°]) n^(M) 

i=i j'=i 3 



/ k k' , cap,T 

-m)N+^z^ w (n^.([o]) n^(M) 

i=i j'=i J 



under the variable change —q = e m . 

The proof of Theorem HI given in Sections 13.21 - 13.71 follows the strategy 
of the proof of Theorem 3 of [29] . The main idea is to intertwine an induction 
on the depth of the descendent theories with the localization formula. 



12 By Theorem 5 of [26] , the poles in q of the partition function occur only at roots of 
unity. 
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3.2 T-depth 

For N defined by f )36|) . let S C N be the relative divisor associated to the 
points pi, . . . ,p r G P 1 . We consider the T-equivariant stable pairs theory of 
N/S with respect to the scaling action. 

The T-depth m theory of N/S consists of all T-equivariant series 

/ kf k \ N/S ' T 

Z*,W IIV 1 ) IK(P) (39) 
V'=i J =1 / 

where k' < m. Here, p G f/ 2 (P 1 ,Z) is the class of a point, and the if are 
partitions determining the relative conditions along 7r _1 (j0j). The T-depth 
m theory has at most m descendents of 1 and arbitrarily many descendents 
of p in the integrand. The T-depth m theory of N/ S is correspondent if 
Conjecuture H] holds for all T-depth m series fl3"9"|) . 

k' k x N/S,T 

'/) ^, ,• ( n^a) n^(p) 



zgv nr ^(i) nr ..(p) 



i'=i j=i 



The T-depth theory concerns only descendents of p. By taking the 
specialization S3 = 0, we have 

cap,T , k \ cap,T 




S 3 =0 



The parallel relation holds for Gromov-Witten theory. By the descendent 
correspondence for the 1-leg capped vertex [2H] , we see the T-depth theory 
of the cap is correspondent. 

Lemma 5. The T-depth theory of N/S is correspondent. 

Proof. By the degeneration formula, all the descendents Ti-(p) can be degen- 
erated on to a cap. The T-depth theory of the cap is correspondent. The 
theories of local curves without any insertions are correspondent by [20, 12"B] . 
Hence, the result follows by the compatibility of Conjecture H] with the de- 
generation formula. □ 
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3.3 Induction I 



To establish the descendent correspondence for the T-depth m theory of N/S, 
the following result is required. 

Lemma 6. The descendent correspondence for the T-depth m theory of the 
cap implies the descendent correspondence of the T-depth m theory of N/S. 

Proof. We must prove the descendent correspondence for the T-depth m 
theories of N relative to pi, . . . ,p r G P 1 . If r = 1, the geometry is the 
cap and the correspondence of the T-depth m theories is given. Assume the 
correspondence holds for r. We will show the correspondence holds for r + 1. 

Let p(d) be the number of partitions of size d > 0. Consider the oo x p(d) 
matrix M^, indexed by monomials 

i>0 

in the descendents of p and partitions /i of d, with coefficient Z^ ^ (L) cap ' T 
in position (L,/i). The lowest Euler characteristic for a degree d stable pair 
on the cap is d. The leading q d coefficients of are well-known to be of 
maximal rankl^l Hence, the full matrix is also of maximal rank. 
Consider the N relative to r + 1 points in T-depth m, 




N/S,T 



z lv\...^A II ^(!) LK(p) • (40) 

V=i 3 i=i / 

We will determine the series fj4*0|) from the T-depth m series relative to r 
points, 

« k \ N/S > T 




dtf 1 ,...,ri 



defined by all monomials L in the descendents of p. 

Consider the T-equivariant degeneration of iV by bubbling off a single 
cap at a point not equal to pi, . . . ,p r . All the descendents of p remain on the 



13 The leading q d coefficients are obtained from the Chern characters of the tautological 
rank d bundle on Hil^iVoo , d) . The Chern characters generate the ring (Hilb^oo , d) , Q) 
after localization as can easily be seen in the T-fixed point basis. A more refined result is 
discussed in Proposition 9 of |26j . 



41 



original N in the degeneration except for those in L which distribute to the 
cap. By induction on m, we need only analyze the terms of the degeneration 
formula in which the descendents of the identity distribute away from the 
cap. Then, since Md has full rank, the invariants f l4"0]) are determined by the 
invariants (|4ip . 

The parallel inductive construction for Gromov-Witten theory determines 

/ — k \ N/S ' T 

tSF^rrJ n^(i) n^-(p) (42) 

\ j'=l j=l J 

in terms of the T-depth m series relative to r points, 

/ k' k \ N/S ' T 

A7,.,vA l n^w n^-(p) , (43) 

\ j'=l 1 3=1 J 

the T-depth m theory of the cap, and theories of lower T-depth. By the com- 
patibility of the descendent correspondence with the degeneration formula, 
the determinations of the T-depth m theories of iV relative r + 1 points in 
P 1 respect the descendent correspondence. □ 

The 1-leg tube is the total space of the trivial bundle, 

N = P i © P i -> P 1 , 

relative to the fibers 

iVo,iVooCJV 

over both 0, oo G P 1 . The tube carries a fiberwise T-action as well as a full 
T-action. Lemma E] implies the following result which will be half of our 
induction argument relating the descendent theory of the cap and the tube. 

Lemma 7. The descendent correspondence for the T-depth m theory of the 
cap implies the descendent correspondence for the T-depth m theory of the 
tube. 

3.4 T-depth 

The T-depth m theories of the cap consists of all the T-equivariant series 

/ k k' \ cap,T 

z UrK([o]) IWM) > (44) 

V=l 3'=1 J 
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z ^ w ( rK([°]) fiv.,(M) 

V i=i i'=i 

where A;' < m. Here, 6 P 1 is the non-relative T-fixed point and oo G P 1 
is the relative point. The T-depth m theory of the cap is correspondent if 
Conjecture H] holds for all depth m stable pairs and Gromov-Witten partition 
functions flH|). 

Lemma 8. The descendent correspondence for the T-depth m theory of the 
cap implies the descendent correspondence for the T-depth m theory of the 
cap. 

Proof. The identity class 1 £ if^P^Z) may be expressed in terms of the 
T-fixed point classes, 

S3 S 3 

We can calculate at most m descendents of 1 in the T-equivariant theory via 
at most m descendents of [oo] in the T-equivariant theory (followed by the 
specialization s 3 = 0). □ 




3.5 Induction II 

The first half of our induction argument was established in Lemma The 
second half relates the tube back to the cap with an increase in depth. 

Lemma 9. The descendent correspondence for the the T-depth m theory of 
the tube implies the descendent correspondence for the T-depth m + 1 theory 
of the cap. 

Proof. The result follows from the T-equivariant localization formula for the 
cap in terms of the T-equivariant theory of the tube (already used in [25]). 
We first review the formula. 

For the theory of stable pairs, consider the partition function 

/ k k' \ cap,T 

Z % n^([0])Il^(M) • (45) 

\i=i i'=i J J 

We will write the T-equivariant localization formula for fj4"5"]) . as a sum over 
set partitions 

R = (Rx, i? 2 , • • • , Rr(R)), Ri C {1, . . . , k'} 
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satisfying the following conditions 

• Ri are nonempty and disjoint, 

• R x U R 2 U . . . U Rr {R) = {l,...,k'}, 

• min{j' G Ri} > min{j' G Ri+i} ■ 

Let rrii be the minimal index in Ri. As a consequence of the third condition, 
m r (R) = 1 G -R r (R). The formula for the partition function f H5^) is 

/ k \ ca P> T l-l / \ tube,T 

E4'- r(R) z^i n TiM) ^(p) n r,(i 



R \j=i j h \ fen* 

9 -' 



5 

9 



2^2 / \ tube . T 



q 



\ tube,T 

9 -jp 



i'eJif 3 



where the metric term is 

The above T-equivariant formula is proven via localization and the rubber 
calculus, see Section 7.2 of [26J. 

For a partition function ( H^) of T-depth m + 1, the right side of the T- 
equivariant localization formula is in terms of the T-depth theory of the cap 
and the T-depth m theory of the tube. Consider next the Gromov-Witten 
partition function, 



k k' 



cap,T 



z s w n^([°])n^,(M) • (46) 
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The T-equivariant localization formula for (j46p is 



n cap,T 11/ \ tube,T 



e 4 - r{R) us? ( n ^([OD j ^z'^ ^ ( P ) n % (i 



2-2 , \ tube,T 



tube,T 



;C hu(P) II ^,(1) 



u -2l{rf) d,fj r ,ri I '« mr .- . ^ j, 

where the metric is now 

h<* = (s 1 s 2 ) i( - r >h(v) ■ ■ 

The proof is again via standard localization and rubber calculus. 

The descendent correspondence of Conjecture 0] is formally compatible 
with the above T-equivariant localization formulas. Since the right sides 
concern only the T-depth theory of the cap and the T-depth m theory of 
the tube, Lemma |9] is an immediate consequence. □ 

3.6 Gromov-Witten side 

The stable pairs localization formula for ( 1451) in Section 13.51 was explained 
in [26]. While the Gromov-Witten side is parallel, we present the first cases 
here to help the reader. 

To start, we write the localization formula for T-depth 1 series for the 
cap as 

cap,T 

cap,T 

V i=i 



M=d \ 3=1 
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where the rubber term on the right is 



9 



2g-2 



s 3 - '^0 



Here, W^ ert and W°'° denote the Gromov-Witten vertex and edge terms. 

The rubber term simplifies via the topological recursion relation for ip 
after writing 



s 3 



S3 - ^0 



1 + 



^0 



S3 - 4>c 



We find the relation 



(47) 



u 



, tube,T 



where the rubber term on the right is 



9 



2g-2 



1 



S3 - tpo 



g,d 



The leading 1 on the right side of ( 147|) corresponds to the degenerate leading 
term of S~. The topological recursion applied to the ipo pref actor of the second 
term produces the rest of S~. We have also used here the identification of 
the log tangent bundle on the destabilized cap. 

After reassembling the localization formula, we find 



z s w ^n^([°])-^(M) J = 

/ ~ — \ cap,T 

\v\=d \i=i / a 
which is equivalent to the first case of the Gromov-Witten formula of Section 

ED 

The higher cases of the Gromov-Witten localization formula of Section 
13.51 are proven by expanding definition ( ITUl) of the descendent correspondence 
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and following the rubber calculus. Consider 
, ~k ^ cap ' T 

C( n^([°])-^(MK(M) 



k x ca P- T 

where we have 

^([00])^(M) = S 3 Y, T *{K(i' 1+ hi' 2 +l),a ■ [OO]) 

a 

+ r S (K(i' 1+ i),8 ■ [oo]) • ^(K(i' 2+ i),e ■ [oo]) (48) 

by definition. The first summand on the right of ( HHj) is obtained from the 
set partition {1,2} and the second term from the set partition {1} U {2}. 
After applying localization and the rubber calculus to the {1,2} term, we 
obtain the {1,2} term of 

cap,T 



E*3Z- W ( fU([0]) ) ' • 3 • ZSS (^H(T)) tUbe,T • (49) 
\n\=d \j=l J u 

After applying localization and the rubber calculus to the {1} U {2} term of 
( |48l) . we obtain the {1} U {2} term of (T49]) plus the full series 

cap,T 

_,r_w t ^tube,T 



[£|,|ij|=d \ J=l 



^ W 7 /GW / /^ tube ' T frn\ 



Combining ( H9|) and f )50|) exactly yields the Gromov-Witten formula of Sec- 
tion (3J2 for 2 insertions over oo. 

3.7 Proof of Theorem 3] 

Lemmas [7H9] together provide an induction which establishes the descendent 
correspondence for the T-depth m theory of the cap for all m. □ 
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Since the classes of the T-fixed points 0, oo G P 1 generate H^iP 1 ,^) 
after localization, Theorem H] is a T-equivariant correspondence for the full 
descendent theory of the cap. 



3.8 K3 surfaces 



For a surface S, following the notation of Section 11.51 let 

P 5 = P(L © Loo) -+ S, Si = P(Li) C P 5 • 

Proposition 10. Let S be a nonsingular projective K3 surface. For classes 
7i G H*(S, Q), we have 



Zp[Ps/Soo; q 

and the correspondence 



H G 



n-i(7i)---^-i(7f) 



(-z U )^+W-IHz' GW (p 5 / J S 00 ; M r ai _!( 7l ) • ■■r oli _ l { lE ) 



under the variable change —q = e tu . 

Proof. If the cohomology insertions 7$ are supported on So, then the above 
correspondence is proven in Proposition 26 of [29]. The support hypotheses 
for 7^ were needed there since, for the T-equivariant cap, only the corre- 
spondence for descendents of the non-relative point had been proven in [29J . 
Theorem H] now removes the need for the support hypothesis. The proof of 
Proposition 26 together with Theorem 0] yields the result. □ 



4 The geometry P 1 x C x P 1 / P 1 x C 
4.1 Overview 

Let Y denote the the quasi-projective variety P 1 x C x P 1 . For clarity, we 
will denote the first factor by Pj and the third factor by P\. Let 

7T! : Y -> P\, 7T 3 : Y -> P* 



48 



denote the projections onto to the first and last factors. 
The variety Y admits an action of the 3-torus 

t = q x q x q . 

The first factor of T acts on P* with fixed points 0, oo G P\ with tangent 
weights — si, s\ respectively. The factor C?i acts on C with fixed point G C 
with tangent weight — S2- Finally, C 3 acts on P3 with fixed points 0, 00 G P 3 
with tangent weights — s 3 , s 3 respectively. 

Define the divisors Y , Y^ C Y to be the fibers of 7r 3 over 0, 00 G P 3 , 

Y = P\ x C x {0}, Foo = P{ x C x {00}. 

Both Yq and are preserved by the T-action. Let 

[0],[oc]Gtf*(y,Q) 

denote the classes of Y and Y^ respectively. 

The projection 7i"i is equivariant with respect to the projection of T onto 
Cj\ We will view 

as classes in H^.(Y, Q) via pull-back by 7i"i. 

Since is preserved by the T-action, we can define 



E? n / , , „. ikm n^(^M), (51) 

by T-equivariant residues. Here, (3 G H 2 {Y, r L) is a curve class (specified by 
degrees along the two P x -f actors), and rj is a boundary condition along Y^. 
The parallel Gromov-Witten partition function is 

Y/Yoo,T 




A'' 



j'=i 



^■ u29 ~ 2 L „r „,,n%(%[o]) n^W' < 52 > 

Our goal here is to prove the relative descendent correspondence of Con- 
jecture S] for the fully T-equivariant partition functions (l5"Tj) and (|52p . 
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Theorem 5. For the relative geometry Y/Y^, we have 

3=1 j'=l 3 

and the correspondence 

(-ir d0/2 4J n ^(^[o]) n n>xwf 
j=i f=i 



= (-i„)^)-w z /gv( n^(%[o]) n ^(^m) ) y/y °° ,T 

i=i j'=i 

under the variable change —q = e m . 

The proof of Theorem [5l given in Sections 14.21 - 14. 4[ again proceeds by 
induction on the depth of the descendent theories. A study of capped rubber 
for the geometry Y/Y U Y^ is required for the base case of the induction. 



4.2 Depth induction 

The proof of Theorem 0] can be exactly followed to establish Theorem [51 To 
start, we define the two notions of depth for the geometry Y. 

Let S C Y be the relative divisor UjTr^" 1 ^) associated to the points 
Pi, . . . ,p r E C. Let 

t = c;xc;ct 

be the first two factors of the 3-torus. We consider the T-equivariant sta- 
ble pairs theory of Y/S. The T-depth m theory of Y/S consists of all T- 
equivariant series 

/ k> k \ Y/S ' T 

n^w) rK(vp) (53) 

V'=i j=i / 

where k' < m. Here, p e H 2 (Y,Z) denotes the class of a fiber of 7r 3 , and the 
rf are partitions determining the relative conditions along n~ 1 {p i ). Following 
exactly the proof of Lemma [7J we obtain the following result. 

Lemma 11. The descendent correspondence for the T-depth m theory of 
Y/Yoo implies the descendent correspondence for the T-depth m theory of the 
Y/YoUY^. 
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The stable T-depth m theory of Y/Y^ consists of all the T-equivariant 
series 



where k' <m. 

The proofs of Lemmas [8] and [9] are formal and remain valid for the the 
geometry Y/Y^. As a result, we obtain the following two results. 

Lemma 12. The descendent correspondence for the T-depth m theory of 
Y/Yqq implies the descendent correspondence for the T-depth m theory of the 



Lemma 13. The descendent correspondence for the the T-depth m theory of 
the tube implies the descendent correspondence for the T-depth m+1 theory 
of the cap. 

Lemmas [llTfT3l together establish a recursion which reduces Theorem [5] 
to the base case of the T-depth theory of Y/Y^. 



The last step in the proof of Theorem [5] is to establish the descendent corre- 
spondence in the base case of T-depth 0. 

Proposition 14. For the relative geometry Y/Y^, we have 




(54) 



Wo- 



4.3 T-depth 



e Q(q,s 1 ,s 2 ,s 3 ) 



and the correspondence 





under the variable change —q = e 
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We can write the partition function for Y/Y^ via capped localization 
for both stable pairs and Gromov-Witten theory. The capped contributions 
over Y are 2-leg capped toric descendent vertices and satisfy the descendent 
correspondence by [29] . The interesting new terms in the capped localization 
formula occur over Y^ — the capped rubber contributions. The capped ruber 
contributions carry no descendent insertions. 

To prove the correspondence for the capped rubber contributions over 
Foo, we follow the technique developed in [17] where the capped rubber con- 
tributions for 

A n X P 1 I A n X {00} 

over 00 were studied. Via the differential equations constructed in Sections 
3.2 of [T7J, the analysis of Section 3.4 can be applied to our capped rubber 
contributions. The proof of Lemma 6 of [T7J is valid here. As a result 
the correspondence for the capped rubber contributions of Y/Y^ over Y^ is 
equivalent to the following non-rubber correspondence. 

We consider the relative geometery Y / Yq U Y^ with respect to the 2- 
torus T-action by the first two factors T C T. Let 7 6 Hq,(P\,Q) be the 
class of the fixed point 00 G P\. 

Proposition 15. For the relative geometry Y/Yq U Y^, we have 

ZLm( t o(7[0])) eQ(q, Sl ,s 2 ) 
and the correspondence 

Y/YoUYocT 

Y/YoUY^^T 



;-?)- d " /2 z^ Him 



under the variable change —q = e LU . 

By basic properties of the descendent correspondence [29] . 



to(7[0]) = r ( 7 [0]) • 

Proposition [H] is a consequence of Proposition [15] together with the recursion 
of Lemmas [TT] - [T3l Hence the proof of Theorem [5] will be complete once 
Proposition [15] is established. 
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4.4 Proof of Proposition [15 



The curve class /3 G H2(Y, Z) is a linear combination of the curves 

[T>{] = P} x {0} x {0}, [P 3 ] = {0} x {0} x P 3 . 

If /? is a multiple of [P3] , then Proposition [15] reduces immediately to the 
T-equivariant descendent correspondence of local curves [29J . 

Let Y = P} x x Pg. We view the projective variety Y as a T- 
equivariant compactification of the quasi-projective variety Y, 

P| x C x Pj c Pi x pi x P*. 

Let Y and Yoo be the 7r 3 -fibers of Y over 0, 00 G P3. Our proof of Propo- 
sition [15] will be obtained from studying the partition functions 

Z^ lM (7b(7[0])J , Zjg£( To(l[0]) ) (55) 

for compact relative geometry Y/Yo U Y^. We will consider curve classes 

(3 = d 1 [P 1 1 ] + d 3 [P 1 3 ]eH 2 (Y,Z) 

for which d\ > and d 3 > 0. If d\ = 0, then Proposition [151 follows from the 
1-leg correspondence [T7j . 

If o?3 > 0, the relative conditions v and fi in f[55l) will be taken to be 
of a special form. The relative condition v is a partition of d% weighted by 
H^(P\ x PjjQ). We require the weights of all the parts to be the pull- 
backs of the classes the C*-fixed points 0, 00 G P\ except for the weight of 
the part v\. For Ui, we take the weight to be the class of one of the following 
T-fixed points: 

(o,o),(oo,o)eP}xpi. 

For n, we require all weights to be the pull-backs of the classes of 0, 00 G Pj 
The moduli space of stable pairs P n (Y/Y UY oo , f3) U)fl has virtual dimen- 
sion 2di + 2g?3 minus the constraints imposed by the boundary conditions. 
The number of constraints imposed by v is d% + 1 and by /x is 0^3. Hence, the 
virtual dimension of the stable pairs space is 

2di + 2d 3 - 2d 3 - 1 . 

The integrand To (t[0]) imposes another constraint, so the virtual dimension 
of the integrals in the stable pairs partition function ([55]) is 2d\ — 2. The 
parallel dimension analysis for the Gromov-Witten partition function (1551) 
also yields 2di — 2. 
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Lemma 16. For > with our special boundary conditions v and fi, we 
have 

Z?^(t (7[0])J eQ(q, Sl ,s 2 ) 
and the correspondence 

Y/YoUYoo.T 



(-?)^ /2 Z?,^(r ( 7 [0]) 
under the variable change —q = e lu . 

Proof. We can assume d± > 0, then 2di — 2 > 0. If 2di — 2 > 0, the 
both the stable pairs and Gromov-Witten partition functions vanish by the 
compactness of the geometry. If 2c?!— 2 = 0, then both partition functions are 
independent of the equivariant parameters s\ and S2- The required matching 
then follows from Theorem |3j □ 

We can apply T-equivariant localization to both sides of the correspon- 
dence of Lemma [16] Via the action of the second factor of T, the T- 
equivariant contributions occur with P3> coordinate either or oo (remember 
the curve class /3 is degree over Pj). The localization contributions where 
the entire curve (3 and all the boundary conditions lie over 0eP\ yielcQthe 
residue invariants appearing in Proposition [TSJ All the other terms in the 
localization formula can be expressed as the residue invariants of Proposition 
IT51 (over or oo G P2) with lesser 0. Hence the T-equivariant localization re- 
lation applied to Lemma IT61 reduces Proposition [15] to the case where d 3 = 0. 

To prove the d 3 = case of Proposition [T5] we replace Lemma US] with a 
different partition function. Let 

be the class of the point (0, 0). Alternatively, 70 is the intersection of 7 with 
the divisor over G PJ,. Hence, 70 restricted to P\ x {0} x P3 is s 2 7. 

Lemma 17. For d% = 0, we have 

/ \Y/Y UY M ,T 
Z A0,0^o(7o[O])J eQ(q, Sl ,s 2 ) 



Up to a harmless S2 factor obtained from the cohomology weight of the part v\ . 
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and the correspondence 



^Y/YoUYoo.T 

:-9r^ /2 z?, 0j0 U( 7o [o]) 



under the variable change —q 



, , rw/ ^Y/YoUY^T 

-<«)*ZJ3S( r ( 7o [0]) 



Proof. The dimension analysis used in the proof of Lemma [H] is also valid 
here and yields the result. □ 

Finally, we can apply T-equivariant localization to both sides of the cor- 
respondence of Lemma (T7J The localization contributions where the entire 
curve lies over OePl yielcS the residue invariants appearing in Proposi- 
tion [T5j All the other terms in the localization formula include unconstrained 
curves over oo 6 Pj with positive [P\] components — all such contributions 
vanish 1^1 The T-equivariant localization relation applied to Lemma [T7] com- 
pletes the proof of Proposition [T5J □ 

Proposition [TBI was the last step in the proof of Proposition [T4l The proof 
of Proposition [TH completes the proof of Theorem [5j 



5 Bi-relative residue theories 
5.1 Overview 

In order to prove Theorem [TJ we must first extend Theorem [2] to non-toric 
surfaces S which are projective bundles over higher genus curves (as discussed 
in Section 121)]) . Our strategy is to extend Proposition [3] to such surfaces. The 
extension of Theorem [2] then follows as consequence. 

In order to extend Proposition [3] to projective bundles S over higher genus 
curves, we will degenerate S. To carry out the argument, we will require a 
descendent correspondence for a particular residue theory in a bi-relative 
3-fold geometry. 

15 Up to a harmless S2 factor obtained from 70. 

16 The proof can be obtained inductively from the geometry Y/Yo U Yoo by considering 
the integrand 70(70)- We leave the details as an exercise for the reader. 
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5.2 Bi-relative geometry 



Following the notation of Section 14.41 let 



Y = P{ x x P 



.1 

3 ' 



Y 



oo 



Pi X pi X {oo} , 



and let Doo C Y be the divisor 



D 



oo 



Pi x {oo} X Pi . 



We will consider the bi-relative 3-fold geometry 



Y / Yoo U D 



oo 



(56) 



Since the divisors Y^ and D m intersect, the full stable pairs and Gromov- 
Witten theories of the geometry fl56l) are not described by standard relative 
techniques |S1 [10] • 

Fortunately, we are only interested here in a corner of the bi-relative 
geometry (|56p which can be approached by standard relative geometry - 
the residue theory over G P3>. To define the residues over 6 Pj, curves 
intersecting Y^ fl do not arise, so the standard relative methods are 
sufficient. 

The descendent correspondence for residue theory of (156"]) over E P\ 
will play a crucial role in the extension of Proposition [3] and Theorem [2J 

5.3 Construction I 

Consider the moduli space of stable pairs P n (Y/Y OC) , f3) v with curve class 



and C* x C^-equivariant relative condition r/ along Y^ with cohomology 
weights supported on 



P = d 1 \P\) + d 2 \Pl)+d 3 \Pl] 



P{ x {0} x {oo} C Y, 



oo 
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More precisely, a stable pair in the relative geometry Y/Y^ is supported 
on a destablization Y of Y along Y„. The original divisor Doo degenerates 
to the reducible divisor 

Doo = ttJ^oo) CY, 7T : Y — )• . 

We define V n ^ !V to be the open set of stable pairs for which is not a 
zero divisor. In other words, the stable pair is transverse to D^. Via the 
intersection with Dno, we obtain a canoncial mau 17 l 



e : V n ,^ -» Hilb(pi xPj/Plx {00}, d 2 ) . 

Here, Hilb(P| x P3/P] x {00}, d 2 ) is the Hilbert scheme^ of d 2 points of 
the surface P\ x P3 relative to the divisor Pj x {00}. 

The original 3-torus T acting on Y acts on V n ^^. While V n ^ tV is certainly 
not compact, the C^-fixed point locus is compact — all features of the stable 
pair occur on 

D = 7^(0) C Y . 

A C^-fixed stable pair in V n ^ tV meets trasversely. On Y \ D , C^-fixed 
stable pairs are simply the pull-backs of 0-dimensional subschemes of D^. 
Let e^O'j, E H£.(P\,Q) be as in Section O Let 

[0,0], [0,oo] G% q (P^xP^) 

denote the classes of the points (0, 0) and (0, 00) respectively. Let 

G ^ xq (Hilb(Pj x Pj/Pj x {oo},d 2 ),Q) • 

We define the uncapped residue descendent series 

Y/YooUDoo.T 

v, p f n^^[o,o]) i[T t ,M,[o,oo])" 



v i=i i'=i 



v,<p 

k k' 

. EK&IM) II ^(^[o ) oo])u c *(^) 



by T-equivariant residues. 

17 The map involes possible stabilization. 

18 The Hilbert scheme of points of a surface relative to a divisor is a special case of the 
relative ideal sheaf moduli for 3-folds. See [33] for a discussion and study. 
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5.4 Construction II 

Next, we consider the moduli of stable pairs for the relative geometry 

Y / Yqo U Dqo . (57) 
with curve classes ^[P^]- Since 

[Pa] ' Yoo = , 

the curves never meet Yoo. So the delicate study of geometry relative to the 
singularities of Y^ U Doo can be completely avoided. The moduli space 

P n (Y/Y 00 UB 00 ,d 2 [P 1 2 }) 

is easily constructed. The projections of the curves to 

Pi x {0} x Pi 

are never allowed to meet 

P\ x {0} x {oo} C Y^ • 

Bubbling occurs along Y^ to keep the projections away. The points of the 
resulting moduli space corresponds to stable pairs which meet away from 
the intersection with Y^. Hence, the deformation theory and virtual class 
are standard. 

The boundary conditions along D m are defined via the canonical map 

e : P n (Y/Yoo U D^, d 2 [P\}) -)• Hilb(Pj x P\ / P\ x {oo}, d 2 ) . 

While any element of the co homology of Hilb(Pj^ x P\ / P\ x {oo}, d 2 ) imposes 
a boundary condition, special elements corresponding to the Nakajima basis 
of the cohomology of the Hilbert scheme of points in the absolute case will 
play a distinguished role. 

Let \x be partition of d 2 weighted by the cohomology of the surface P\ xPj. 
Explicitly, 

t 

A* = {(A*i»Wi),...,(^,w/)}, d 2 = ^2^i, Wi e ffq x q( p i x P 3,Q)- ( 58 ) 

i=i 
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Such a weighted partition determines an element 

Nak(/x) G fl^ xq (ffilb(Pi x Pj/Pj x {oc},d 2 ),Q) 

by the following construction. Recall 

(P\ xpi/P}x{oo})%P} xpi 

is the space of ordered points in the relative surface geometry, see Section 
11.21 The cohomology weights Ui pull-back canonically to the space of points 
(Pj x pi/Pj x {oo}) £ . Let 

C M C (PJ xPj/Pjx {oo})' x Hilb(P} xPj/P}x {oo},d 2 ) 

be the closure of the locus of distinct points in (P\ x P3 / Pj x {oo}) £ carrying 
punctual subschemes of lenths /ii, . . . , Let 

Nak(/x) = ^-ypr 2 ,(C M ■ pr*(wi U . . . U c^)) 

with respect to the projections of 

(P\ xPj/P}x {00})^ x Hilb(P} xPl/P\x {00}, d 2 ) 

onto the first and second factors. 

Let D C Y be the divisor lying over G Pj. We can also consider the 
rubber moduli spaces of stable pairs 

P^Y/Y^UDoUD,,^^])- 

which arises in the boundary of P n (Y/Y 00 UD 00 , o^P^]) over Dqo. In addition 
to the boundary map associated to Doo, there is also a boundary map 

e : P n (Y/Y 0C U D U D^, d 2 [P\]y -> Hilb(Pj x P* / P} x {00}, d 2 ) 

obtained by the intersection with Do- 

As in Section [2.4.41 we have the cotangent line classes 

*oo G F^ xq (P n (Y/Y 00 U D U Doo, d 2 [P£])~, Q) • 
Define the rubber series 



^ ^[P„(Y/Y oo uD UD oo ,d 2 [pi])~]«'- -<Po + S 2 

Here, G ifq xC *(Hilb(Pj x P3 / P} x {oo},d 2 ),Q) is an arbitrary class. 
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5.5 Definition of the bi-relative residue 

We define the bi-relative capped descendent residue theory 

Y/Y^UDoo.T 



V-l-i 



by the formula 

/ k k> \ Y / Y - uD - T 

£v£(n^(0;[O,O]) 11^(^10,00]) 



q -d 2 R p 



* pi] 



1 ^ T 



"$0 + 52/^^ 



where the sum is over the components of a C{ x C^-equivariant Kiinneth 
decomposition 

/ 

Y, & ® $ = [A] e H c * xq (Hilb x Hilb, Q) 
of the diagonal of Hilb(Pj x P* / P\ x {oo}, d 2 ). 
5.6 Motivation 

We have given above a rigorous definition of the bi-relative capped descendent 
residue theory. If we had a complete definition of the stable pairs theory of 
the bi-relative geometry Y/Yqo U D^, the definition of 

/ k k> x Y/Y^UD^.T 

C P IRWO]) l[T lff (e' r [0,oo]),p) (59) 



J • 



as a capped residue theory would be immediate. Since we are interested in 
the residue theory over G P2, the stable pairs do not interact with the 
singularities of Yoo U Doo, and we are able to define (159]) by hand. 
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5.7 Gromov-Witten theory 

Following every step of the stable pairs construction, we can also define a 
bi-relative capped descendent residue theory for stable maps, 

/ k V x Y/Y^UD^.T 

Co GW LK(0;[M) II r,,(^,[0,oo]),/3 . (60) 

Moreover, the depth induction techniques of Sections[3]-H]applied to both the 
descendent insertions and to the parts of \x yield the following correspondence. 

Theorem 6. We have 

/ k k ' nY/Y^UD^.T 

Co II % (0,10, 0]) J] t*., (fy[0, oo]), /?) G Q{q, Sl , s 2 , s 3 ) 

j=l j'=l 3 ' w 

and the correspondence 

, , „/ k k ' nY/Y^UDoo.T 

(-?)^ /2 C P (n^(^[0>0]) II^(^[0,oo]),/3) 

3=1 3'=1 ' I* 



(^^■MW-N+eM-McGW ( JJ ^(^-[0,0]) II ^(^[0,oo]) ,/?) 

i=i i'=i J ^ 

under the variable change —q = e tu . 

Proof. We take the relative condition \x of the form (J58l) to have cohomology 
weights 

Ui = ji[0] or 7j[oo] 

where 7, G #<£*(P},Q) and [0], [00] G #£.(Pj,Q) are the classes of the C* 3 - 
fixed points. 

To prove Theorem El we exactly follow the depth induction used in the 
proof of Theorems H] and [5j The depth count has two components: 

• the number of descendent insertions of the form ^(^/[O, 00]), 

• the number of parts of /i with weights of the form 7 [00]. 



61 



There is no difficulty in including the parts of \x over oo 6 P3 in the T- 
equivariant localization formula of Lemma O The descendents over 00 6 P3 
were used to rigidify the rubber — we can also use the parts of \i to rigidify 
the rubber. The outcome is a reduction of Theorem [6] to the base case where 
all the descendent insertions and parts of \i lie over G P3. 

Theorem |6] in the base case concerns only 3-leg descendent vertices at 
the points (0,0,0), (00, 0,0) G Y and the capped rubber contributions over 
00 G P3. The GW/P correspondence for the 3-leg descendent vertex has been 
established in [29]. The correspondence for the capped rubber of 00 G P3 
been treated already in Section 14.31 via Proposition [15j □ 

5.8 Degeneration 

Let S be a nonsingular projective surface equipped with two line bundles L 
and Loo. Let 

7T : P s -> S 

be the P 1 -bundle obtained from the projectivization of the sum L Q © L^. 
The fiberwise C*-action on P5 leaves the divisor 

Soo = P(-^oo) C Ps 

invariant. Let C C S be a nonsingular curve, and let 

P C = 7t-\C) C P S . 

Via the fiberwise C*-action, we can define capped bi-relative residue the- 
ories for the geometry 

PS/Pel^ 

for stable pairs and stable maps. The constructions of Sections 15. 31 - 15. 5l apply 
here: only the fiberwise C^-action was needed there to define the bi-relative 
residue theories. We therefore have capped bi-relative residue theories 

C P ( II Tifa)' ' C o W ( II ^(7i), ) (61) 

where 71, ...,7* G Hq*(Ps,Q) are classes supported on So, r\ is a C*- 
equivariant boundary condition along Pc with support on Pc H So, and 

Nak(/x) G ir(Hilb(S / C, |/i|), Q) 
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is a Nakajima element. 

The capped bi-relative residue theories occur naturally in the degenera- 
tion formula. Let 

n : 6 — > A 

be a nonsingular 3-fold fibered over an irreducible nonsingular base curve A. 
Let S be a nonsingular fiber, and let 

AU C B 

be a reducible special fiber consisting of two nonsingular surfaces intersecting 
transversally along a nonsingular surface C . Let 

be two line bundles. The degeneration 

P 6 = P(£ © ^ -> £ (62) 
is a nonsingular 4-fold with a reducible fiber 

P Sl U Pc P S2 ■ 

Let [P] G H2{P&,1<) be the curve class of the P 1 -fiber. 

To write the degeneration formula corresponding to the geometry (|62|) . 
we require the following notation: 

• Let = (3 So + d\P] G H 2 (P S , Z) where (3 So G H 2 (S , Z). 

• Let 71, . . . , 7^ G if,£*(Pe, Q) be classes supported on & . 

• Let /i be a partition of d with cohomology weights lying in H*(& 00 , Q). 
The degeneration formula for stable pairs is 

cs(n^(7i)^) 

i=l " 

EC P ( 11^.(7,), A) (-I)"'l^j(i7)g-N 
ieJi ^ 

•c p (n^(7,),/3 2; 
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The sum is over all distributions of descendents, distributions of /x, and curve 
class splittings 



J 1 UJ 2 = {l,...,k}, /i = / u 1 U / u 2 , P = Pi + fo, 
where we have 

P x = P M + d x \P], f3 2 = f3 Bo + d 2 [V] 

with 0A, O £ H 2 (Ao,Z), 0b o £ H 2 (Bq,Z), and d x + d 2 = d. The sum is also 
over a basis r\ of Hq*(Pc \ Pc H ©oo, Q) supported on Pc H ©o- 

The above degeneration formula is straightforward consequence of the 
standard degeneration formula for stable pairs residue theories and the defi- 
nition of the bi-relative integrals. We leave the details to the reader. 

The degeneration formula for Gromov-Witten theory takes a parallel 
form, 



■GW " x 



P A /P UAoo,C* 



Q w in^(7,),/3 

jeJi 

r^,f-= xP B /P C UB»,C« 

•Q GW (n^(7,),/v 

with the same summation conventions. The correspondence 



n^(7i)^iK(7i) 

i=i i=i 

is defined via the conventions of Sections 11.31 for relative geometries. The 
relative diagonals and log tangent bundle are used. 

The above degeneration formulas are compatible with the natural gener- 
alization of Conjecture S] for capped bi-relative residue theories. 



Conjecture 5. For the theories (j6ip . we have 

D />L \ Ps/PcuSoo.c* 

Co P (rK(7,),/3) €Q{q,t) 
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and the correspondence 



(-?)-^ 2 C p (n^.(7i),/3) 



P s /PcU5oo,C* 




GW 




k 

(n^(7i),/?) 



Ps/P C USoo,C 



under the variable change —q = e lu . 

The conditions imposed on (3, jj, /i, and 77 in Conjecture [5] are as discussed 
for the degeneration formula. 

5.9 Review 

Theorems H]-[6] are parallel results. The strategy of depth induction is the 
main idea in the proof of Theorem H] for descendents on the cap. The base 
case is the correspondence for the 1-leg capped descendent vertex of [29|. 
For the relative geometry P 1 x C x P 1 / P 1 x C, the same depth induction 
is valid, but the base case, settled in Proposition [TU is new. Finally, for 
the bi-relative geometry of Theorem [61 the relative constraints along Doo are 
new. Fortunately, the relative insertions fit into the original depth induction. 

Theorem E] and the degeneration formula of Section 15.81 are the main 
technical results which will be needed to study descendent correspondences 
for projective bundles over curves. 

6 Projective bundles over higher genus curves 
6.1 Overview 

Let C be an nonsingular projective curve of genus g equipped with a rank 2 
vector bundle A — >■ C and two line bundles 

Lq, C . 

Let S be the nonsingular projective surface obtained by the projectivization 



of E, 



S = P(A) 



X . 
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The projective bundle 

P 5 = P(e*L c ©e*L£)^S (63) 

admits sections 

S r = P(e*Lf ) C P s ■ 

We will establish here the relative descendent correspondence of Conjecture 
HforPs/Soo. 

Relative projective bundle geometries over toric surfaces were studied in 
Section El We follow here the conventions and constructions of Section EJ 
Let 

r = ( 7l ,..., 7 ,), 7i eH*{s,Q). 

Since S has odd cohomology, the classes ji may be of odd (real) degree. 
We consider capped contributions over S in curve class 

P = p + d\P], P e Eff(5 ). 
Let /i be a boundary condition along with = d, 

// = {(fix, ui), . . . , (nebj,), <^0))} 

with Ui G fP^oo, Q). Again, the classes may be of odd (real) degree. 

Proposition 18. T/ie C*-equivariant descendent correspondence for the capped 
contributions over Sq holds for the geometry (1631) : 



C p (r a (r ),/3)^ /5 - c * eQ(q,t) 



and we have 



-q)- d ^ C P (r a (T ), /3)^~< c * = (_i„)*+«W-M C GW (^), /?) 



under the variable change —q = e tu . 

In the toric case studied in Section [2j Proposition [3] was shown to for- 
mally imply Theorem [2j For the geometry f )63|) . Proposition [T8l implies the 

descendent correspondence by the same argument. 
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Theorem 7. For the relative geometry Ps/Soo associated to (163 j) and classes 
7i e ifc,(P 5 ,Q) ; we ^ a,ue 



Zp^Ps/^oo; g 
and £/ie correspondence 

(-g)-^/ 2 Z P (p 5 /5 0O ;g 



T" Ql -i(7i)---^-i(7£) 



7- ai -l(Tl) ■ ■ •Ta !£ -l(7<) 



C* 



H eQ(g,i) 

/9 



/i 



= (-m) d /' +/ W-WZ / GW (P5/5 0Q ;« r ai _i( T i)---r ai _i(7/) 

under the variable change — g = e m . 

The parallel descendent correspondence holds when the projective bundle 
geometry P s /S U is taken relative to both sections. 

6.2 Torus actions 

If A splits as a sum of line bundles on C, 

A = A © Aoo , (64) 
then S = P(A) admits a fiberwise C*-action by scaling. The 3- fold 

P 5 = P(e*L c ©e*l£) (65) 
then carries a 2-dimensional torus action 

qxqxp £ 4 p 5 

where is the scaling associated to the splitting (1641) and C2 is the scaling 
associated to the splitting ( 1651) . 

In case A splits, we will prove the natural x C^-equivariant lift of 
Proposition [T8J 

Co P (r«(ro),^ s/s - qxq eQ(? lS ) 

and we have 



(-g)^/ 2 C p (r a (r ),/3)^/ 5 -^ x ^ 



-in) 



C GW (^),/3 



P s /Soo,C*xC* 
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under the variable change — q = e tu . 

Since every rank 2 bundle A is deformation equivalent to a split bundle, 
we can assume A is split in the proof of Propositition [181 We will prove the 
above x Cg-equivariant correspondence (which of course then implies the 
Cg-equivariant statement of Proposition [T8|) . 



6.3 Invert ibility 

Before proving Propositon [18j we will require an auxiliary result for the 
capped residue theory 

C P [UnMMl d[ p l}) „ (66) 



derived from the analysis of stable pairs descendents in 

Let T(<i, 2) be the set of pairs of partitions (77°, 77 00 ) satisfying 

\ v °\ + = d. 

We define the boundary condition 77 of (166|) by weighting the parts of rj° with 
the class of the point (0, 0, 00) e Yqo and the parts of rj°° with the class of 
the point (00, 0, 00) e Yoq. 

Let Q T ( d ' 2 ) denote the linear space of functions from 7(d, 2) to the field 
Q(q, s i> s 2, S3). Let Po, Poo £ H^*(P\,Q) be the classes of the fixed points 
0,oo G P\. Let 

00 00 
f (p) = 2 #i(Po[0, 0]) + £ C^(Poo[0, 0]) (67) 

4=0 1=0 

be a finite linear combination of descendents. For w > 0, define a function 
on 7(d, 2) by: 

7w : 7(d,2) Q( g , Slj s 2 ,s 3 ), »7 H- C P (f(p) w , d[pi]) Y/Y °° UDo0 ' T . 

Here, Cq is defined by a multilinear expansion of the insertion f(p) w . 

Lemma 19. For d > 0, there exists a linear combination f (p) for which the 
set of functions, 

{7o,7i,72, • • • }, 

spans Q 33 ^' 2 ). 



68 



Proof. We will require only the leading q term of 



C p (f(p) w , d[P ]) 

V 7 77,0 

The matter is then an assertion about the cohomology of the Hilbert scheme 
of points of Yoo. 

After changing the basis of rj to the x C^-fixed points of at (0, 0, oo) 
and (oo, 0, oo), the action of f(p) is determined in Section 1.2 of [28]. The 
operator Tfc(po[0, 0]) is diagonal in the fixed point basis with eigenvalues given 
by symmetric functions in the weights^ of the structure sheaf of the fixed 
point of the Hilbert scheme of Y^ at (0, 0, oo). Modulo lower order symmet- 
ric functions, the eigenvalue of r fc (p [0,0]) is simply the k th power sum. 

Since the power sums determine all symmetric functions, we can find a 
finite linear combination 

oo oo 

Hp) = E #i(po[o, o]) + £ crv,( Poo [o, o]) 

i=0 i=0 

with distinct eigenvalues on the x C^-fixed points of the Hilbert scheme 
of Yqo at (0,0, oo) and (oo,0,oo). By the Vandermonde determinant, the 
Lemma is proven. □ 

Lemma [191 is similar to Lemma 5.6 of [23 J. The parallel result for 

Y/Y^UD^T 



C GW (f( P )w, d[P\} 



follows from the correspondence of Theorem [6j 

We have used the full T-action to prove Lemma [T9l However, the weight 
S3 of third factor C3 of T is not needed in the argument. Hence, Lemma fl~9l 
holds for 



Y/Y^UDoo.qxC* 
r?,0 



5 Thc weights depend only on S\ and S2. 
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6.4 Even theory 

We first prove Proposition [18] in case all the cohomology insertions 7j and 
all the cohomology weights Ui are of even (real) degree. 

If the underlying curve C is P 1 , Proposition [18] specializes to Proposition 
E] and is established. Consider a fiber F of 

e : R = P(A © Aoo) -»• P 1 . (68) 

We can degenerate i? to the normal cone of F, 

R ~> iJU F P' x P 1 . 

We can degenerate the line bundles 

A , Aoo, e*L c , e*Lg (69) 

so the restrictions to P 1 x P 1 are all trivial. By the restriction of Theorem 
E]to the subtorus Q x Lemma IT91 restricted to x and the com- 
patibility of the descendent correspondence with the degeneration formula, 
we conclude Conjecture [5] holds C* x C^-equivariantly for Pr/P f U Roq- Re- 
peating the argument for another fiber F' of e shows Conjecture [5] holds 
Q x CJj-equivariantly for P R /P FVJF , U R^. 

Next suppose E is a genus 1 carrying line bundles A , A^, Lq, and 
with 

e : S = P(A © A^) -> £ • 

We can degenerate £ to a nodal rational curve. The line bundles carried by 
E can be taken to specialize to line bundles on the nodal curve. Since there is 
no vanishing even cohomology for the degeneration, we conclude Conjecture 
[5] holds C* x C^-equivariantly for the genus 1 case Ps/S^ as a consequence 
of the genus case Pr/P FuF > U Roo. 

Since we know Conjecture holds C* x C^-equivariantly for the genus 1 
case Ps/Sqo, degeneration to the normal cone to fibers of e and Lemma [T9l 
restricted to x C2 prove Conjecture [5] holds C* x Cg-equivariantly for the 
genus 1 cases 

P S /P F U , P S /P FU F' U . (70) 

Finally, if C is curve of arbitrary genus g, we can degenerate C to a 
chain of g elliptic curves. Since there is no vanishing cohomology, we deduce 
Conjecture in the even case from the geometries (ITUj) . □ 
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6.5 Odd theory 

6.5.1 Reduction to genus 1 

Suppose C is a genus g curve carrying line bundles A , Aoo, Lq, and with 

e : S = P(E © ->■ C . 

We now consider Conjecture [5] equivariantly with respect to x C2 for 
classes jj and Ui in full generality. 

Since the degeneration of C to a chain of genus 1 curves has no vanishing 
cohomology, we may assume C is of genus 1. By the x Cg-equivariant 
methods of Section 16.41 Conjecture for (I70|) follows from Conjecture for 

Ps/Soo. 

We may further simplify the geometry by degenerating C to the normal 
cone to a point p G C, 

C ~» CUpP 1 

and requiring the line bundles A , A^, e*L^, e*L^ to be trivial on C in the 
limit. We then obtain a degeneration 

S ~» P 1 x C U F i2 , 

where is of the form (I68p . Since Conjecture E] has been already proven 
x C^-equivariantly for Pr/P e U Roo, we need only prove Conjecture [5] 
holds C\ x Cg-equivariantly for the special case 

e:S = P(0 E ®0 E )-*E, = Q E , L^ = E , g(E) = 1 . (71) 

Explicity, the geometry is 

Ps/Soc = P 1 x P 1 x E I P 1 x {00} x E. 



6.6 Proof of Proposition [18 



Consider the stable pair and Gromov-Witten theories 

C P (r Q (r ),/3)^^^x^ , C GW (^),/3) Ps/5oO ' q><q (72) 



for the genus 1 geometry (17X1) . Both are uniquely determined from the cor- 
responding even theories by the following four properties: 
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(i) Algebraicity of the virtual class, 

(ii) Degeneration formulas for the relative theory in the presence of odd 
cohomology, 

(iii) Monodromy invariance of the relative theory, 

(iv) Elliptic vanishing relations. 

The properties (i)-(iv) were used in [23J to determine the full relative Gromov- 
Witten descendents of target curves in terms of the descendents of even 
classes. 

The results of Section 5 of [23j are entirely formal and apply verbatim to 
the theories (172]) . Lemma [19] replaces Lemma of [23] . Let 

LcUe^c.lPlxPixE.Q) 

be the classes of the curves 

{0} x {0} x E and {oo} x {0} x E 

respectively. For 7 G H*(E,Q), lefl 

00 00 

f(7) = E c M L o7) + E c r^(Uo7). 

i=0 i=0 

We start, as in (5.11) of [23], by studying the descendents 

C p (f(«)f(/3),rf4Pi]+4[i?])^ /5oo ' qXq , (73) 

C GW (f(a)fC8),di[Pl]+*[^l) 

for the geometry (ITT]) where 

a,0 G H\E,Q), aU(3 = 1 . 

Exactly following [23], the descendents ([73]) are determined from the even 
theory. Since the relations (i-iv) respect the descendent correspondence, we 

20 Here, the coefficients and c°° arc taken so Lemma fT9l is valid. When 7 is a class of 
a point in E, we recover the C* x C2 specialization of ([67]) . 
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deduce Proposition [TS] from the even case proven in Section 16.41 Also, the 
rationality of the even theory implies the rationality of the full theory. When 
the invertibility of Lemma [T9l is applied here, an induction on d\ is necessary. 

The method developed in Section 5 of [23J proceeds to handle all descen- 
dent insertions. For the case studied in [23], the descendents 

r n ( 7 ), 7 G H*(E, Q) 

are labelled only by the integer n. Here, the insertions are of the form 

r n (L 7), r n (Loo7), (n, L07), (n, ^7), 7 G H*(E,Q) 

where the latter two typea^l are relative conditions of fi. The insertion la- 
belling is the only difference. The reduction to the even descendents exactly 
follows Section 5 of [23J. □ 



6.7 Products S x C 



Let S be a nonsingular projective toric surface equipped with the action of 
a 2-dimensional torus T. Let C be a nonsingular projective curve of genus 
g. A simpler result than Theorem [7] is the following. 

Proposition 20. For 7i G H^(S x C,Q), we have 



Z P (SxC;q r ai _i( 7 i) • • -r Q£ _i(7 £ ) ) 
and the correspondence 

(- q )-*/*Z P (sxC;q r ai _ 1 (7i)---r a ,_ 1 ( 7 ^) ) 



Sl,S 2 ) 



(-iufPZ'^is xC;u r ai _ 1 (7i)---r a4 _ 1 (7 < ) ) 



under the variable change —q = e lu . 

21 The relative conditions must be treated on the same footing as the descendent inser- 
tions as the relative weights may also be odd. 
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Proof. Let pi,...,p n denote the T- fixed points of S. By considering localiza- 
tion for stable pairs and stable maps on S xC with respect to the torus T, we 
can reduce the descendent correspondence to a local result for C 2 x C with 
caps in the two C 2 directions. The localization formula is in terms of n such 
capped C 2 x C geometries (connected by simple capped edge geometries). 

Consider the capped geometry C 2 x C . If all the descendent insertions 
7i have even (real) cohomological degree, we can reduce to the case where 
g(C) = by our standard degeneration and relative arguments. Crucial here 
is a tri-relative residue theory for 

C 2 x P 1 / C 2 x {00} (74) 

defined by completely parallel constructions to the bi-relative case considered 
in Section |5j The tri-relative geometry has caps in the two C 2 directions on 
(171]) . The proof of the GW/P descendent correspondence for the tri-relative 
cap ( 171]) exactly follows the proof Theorem [1] with the two relative directions 
correponding to C 2 handled as in the proof Theorem 

To control the odd descendents, we follow the strategy of Section (and 
[23]). We reduce to the case where g{C) = 1 and express the full theory in 
terms of the even theory. Lemma [19] for T still applies. 

We leave the straightforward details here to the reader. The capped edges 
are 1-leg geometries and are easily handled. □ 

7 Proof of Theorem H 

7.1 Overview 

We have now proven the GW/P descendent correspondences in sufficiently 
many geometries to deduce Theorem [T] The idea is to degenerate the com- 
plete intersection by factoring the equations. We present the proof carefully 
for the quintic in P 4 following the scheme of [18J. The argument for general 
Fano and Calabi-Yau complete intersections in products of projective spaces 
is identical. 

7.2 Simple theories 

A complete intersection pair (V, W) is a nonsingular complete intersection 

V C P ni x • ■ ■ x P n ™ . 
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together with a nonsingular divisor W C V cut out by a hypersurface in 
P" 1 x • • • x P" m . In particular, 

W C P" 1 x ■ ■ • x P" m 

is also a complete intersection. 

A class 7 G if*(V, Q) is simple if 7 lies in the image of the restriction map 

H*(P ni x ■ • ■ x P n ™, Q) ir(V, Q). 

If is nonsingular complete intersection of dimension 3, the simple coho- 
mology of V equals the even cohomology by the Lefschetz results. 

The simple Gromov-Witten and stable pairs theories of V consist of the 
integrals of descendents of simple classes. Similarly, the simple Gromov- 
Witten and stable pairs theories of the relative geometry V/W consists of 
integrals of descendents of simple classes with no restrictions on the coho- 
mology classes of W in the relative constraints. 

7.3 Fano and Calabi-Yau hyper surf aces in P 4 

7.3.1 Notation 

The following notation for curves, surfaces, and 3-folds will be convenient for 
our study: 

(i) let Cd lt d 2 C P 3 be a nonsingular complete intersection of type (rf^c^), 

(ii) let Sd C P 3 be a nonsingular surface of degree d, 

(iii) let T d C P 4 be a nonsingular 3-fold of degree d. 
Finally, let P 3 [c?i,<i 2 ] be the blow-up of P 3 along Cd lt d 2 - 

7.3.2 Degeneration for the quintic 

Let Z P (T^) denote the simple stable pairs descendent theory of the Calabi- 
Yau quintic 3-fold@ Factoring the quintic equation yields a degeneration: 

T 5 T 4 U 54 P 3 [4,5] (75) 
22 Here and below, the superscript * will indicate simple theories. 
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where £4 C T 4 is a linear section and S4 C P 3 [4,5] is the strict transform 
of a quartic containing C 4j5 C P 3 . See Section 0.5.4 of [TS] for a detailed 
construction of the degeneration fl75l) . The degeneration formula expresses 
Zp(Tg) in terms of the relative theories of the special fibers. We write the 
relation schematically as 

Z P (T*) ~* Z P {T*/S 4 ) and Z P (P 3 [4, 5]/S 4 ) . 

Similarly, in Gromov-Witten theory, we have the determination 

Z' GW (T*) - Z' GW (T 4 7S 4 ), andZ' GW (P 3 [4,5]/S 4 ) . 

By the compatibility of the descendent correspondence with degeneration, 
the descendent correspondences for T 4 /5* 4 and P 3 [4, 5]/S4 imply Theorem [1] 
for I5. 

7.3.3 Descendent correspondence for P 3 [4,5]/S' 4 

Let us start with P 3 [4, 5]/^. Degeneration to the normal cone of 

S 4 CP 3 [4,5] 

yields the determination^ 3 ! 

Z(P 3 [4,5]) ^ Z(P 3 [4,5]/5 4 ) and Z(P 54 /S 4 ) . (76) 

We know the descendent correspondence for all projective bundle geometries 
Psi/Si by Proposition [TD1 By the invertibility of Proposition 6 of the 
determination flToT) can be reversed, 

Z(P 3 [4,5]/5 4 ) ^ Z(P 3 [4,5]) andZ(P 54 /5 4 ) . 

Hence, the descendent correspondence for P 3 [4, 5] implies the descendent 
correspondence for P S4 /S 4: . 

An approach to the blow-up P 3 [4, 5] is explained in Section 3.1 of [18] . Let 
S4 C P 3 [4, 5] contain C 4i5 . Degeneration to the normal cone of S4 C P 3 [4, 5] 
yields 

P 3 ^ P 3 U 54 P 54 (77) 

23 When no superscript appears on the partition function, the statement is understood 
to hold for both stable pairs and Gromov-Witten theory. 
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for the projective bundle geometry 

tt:P 54 = P(0 S4 ©0 54 (4))^5 4 , Ps 4 /0S 4 )oo. (78) 

The original curve C 4)5 C P 3 has limit in (5*4)0 C Ps 4 . After blowing up the 
degeneration (1771) along the moving curve 6*4,5 , we obtain 

P 3 [4, 5] - P 3 U 54 X, X = B C4]6 (P 54 ) . 

Here X is the blow-up of P^ 4 along C 4)5 C ( 5*4)0 • I n order to prove the 
descendent correspondence for P 3 [4, 5], we need only prove the descendent 
correspondence for P 3 /54 and X/S4. Using the established descendent cor- 
respondences for the toric variety P 3 and projective bundles over 54 and 
the invertibility of Proposition 6 of [27] , we need only prove the descendent 
correspondence for X. 

To study X, we repeat the blow-up construction of the previous para- 
graph. Let P^ 4 be the projective bundle (175)1 . and let 

be the divisor lying over C 54 via n. Degeneration to the normal cone 
of Pc 4 , 5 C P S4 yields 

Ps 4 - Ps 4 Up C4 5 P PC4 5 . (79) 
for the projective bundle geometry 

P Pci5 = P(0 C4 , 5 © 0^,(5)) x C4 , 5 P(0c 4 , 5 © 0c 4>5 (4)) C 4i5 (80) 
relative to 

P C4 , 5 = P(0 C4 , 5 (5)) x C4i5 P(0 C4>5 © C4 , 5 (4)) . 
The original curve C (5 4 ) C P^ 4 has limit equal to 

C,, 5 = P(0 C4 , 5 )x C4 , 5 P(0 C4 J C P(0 C4 , 5 ©0 C4 , 5 (5))x C4 , 5 P(0 C4 , 5 ©0 C4 , 5 (4)) . 

After blowing up the degeneration f[77|) along the moving curve 64,5, we 
obtain 

X ^ P S4 U PC4 5 Y , 
Y = S C4 , 5 (P(0 C4 , 5 © 0c 4>5 (5)) x C4 , 5 P(0 C4i5 © 0c 4 , 5 (4))) . 
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In order to prove the descendent correspondence for Y, we need only prove 
the descendent correspondence for Ps 4 /Pc 4 , 5 an d Y/Pc iB - 

As we have seen in flHOj) . Pp C4 is a projective bundle over Pc 4 , 5 of the 
form required by Theorem [7J Hence, the descendent correspondence holds 
for P s jPc\ 5 by inverting 

Z(P S J - Z(P S4 /P 04j6 ) and Z{P Vo jS±) . 

The invertibility is possible again by Proposition 6 of |27J. Similarly, the 
descendent correspondence for Y implies the descendent correspondence for 

The last step in proving the descendent correspondence for P 3 [4, 5]/ S4 is 
to prove the descendent correspondence for Y. The 3- fold Y is a bundle over 
C 4j 5 with fiber equal to ^(P 1 x P 1 ), the blow-up of P 1 x P 1 at a point. By 
further degeneration argument^, we can reduce to the case 

^(P 1 X P 1 ) X C 4 , 5 

covered by Proposition [20j □ 

7.4 Proof of Theorem Q] 

We turn now to T^/S^. The normal cone degenertion 

T 4 -w T 4 U Si Psi 

and invertibility yields the determination 

Z(T;/S 4 ) ^ Z(T*) and Z(P 54 /S 4 ) . 

Hence, the descendent correspondence for T5 follows from the descendent 
correspondence for T 4 . 

By factoring the quartic equation defining T 4 C P 3 , degree reduction can 
be continued. The full reduction scheme for the quintic is: 

24 We can degenerate 

C 4 , 5 - C7 4 , 5 U P 1 
and require all the twisting of Y to lie over P 1 . 
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An) 




Z(T*/S 4 )and Z(P 3 [4,5]/S 4 ), 


Am St 




Z(T*) and Z(P 54 /S 4 ), 


An) 




Z(T*/S 3 ) and Z(P 3 [3,4]/S 3 ), 


An/Ss) 




Z(T*) and Z(P 53 /S 3 ), 


An) 




Z(T 2 75 2 ) and Z(P 3 [2,3]/,S 2 ), 


An/s 2 ) 




Z(T 2 *) and Z(P 52 /5 2 ), 


An) 




Z(It/5i) and Z(P 3 [1,2]/S 1 ), 


An/Sx) 




Z(T*) and Z(P Sl /5' 1 ) . 



The end points of the scheme are T x * (which is toric), projective bundles 
over toric and K3 surfaces, and blown-up projective spaces. The descendent 
correspondence has been established for all the end points — the blown-up 
projective spaces are handled by the method of Section 17.3.31 

We have proven the GW/P descendent correspondence for the even theo- 
ries of all Fano hypersurfaces in P 4 . We can degenerate all Fano and Calabi- 
Yau 3-fold complete intersections by an identical factoring argument. The 
outcome is a proof of Theorem [TJ □ 

7.5 Proof of Corollary [1] 

To prove Corollary dj we start with the descendent correspondence of The- 
orem [H The initial term results of Theorem 2 of |29j then imply the Corol- 
lary. □ 

7.6 The Enriques Calabi-Yau 

As a further example, we prove the GW/P correspondence for the Enriques 
Calab-Yau 3-fold studied in H2J. 

Let a act freely on the product K3 x E by an Enriques involution <jk3 
on the K3 and by -1 on the elliptic curve. By definition, the quotient 

Q = {K3 X E) /(a) 

is an Enriques Calabi- Yau 3-fold. Since K3 x E carries a holomorphic 3-form 
invariant under a, the canonical class is trivial 
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By projection on the right, 



Q _> JS?/<-l> = P 1 (81) 

is a K3 fibration with 4 double Enriques fibers. 

Let invpi be an involution of P 1 with 2 fixed point. Let r act freely on 
the product K3 x P 1 by (cr^ 3 , invpi). Let 

R=(K3x P 1 )/^) 

denote the quotient. By projecting left, 

R^K3/(a K3 ) = S (82) 

is a projective bundle over the Enriques surface S. Two sections of the bundle 
(j82p are obtained from the fixed points of invpi. By projecting right, 

R-> PV(invpi) 

is a f^3 fibration with 2 double Enriques fibers. 

By degenerating the K3 fibration (IHTj) . we find a degeneration of the 
Enriques Calabi-Yau Q, 

Q ~* RU K3 R 

where the intersection K3 is a common fiber, see [T9| Section 1.4]. Hence the 
GW/P correspondence for Q is reduced to the GW/P descendent correspon- 
dence for R/K3. The latter reduces to the GW/P descendent correspondence 
for R by degeneration to the normal cone. 

The Enriques surface S degenerates^! to a union along an elliptic curve 
of a P 1 -bundle over an elliptic curve and the rational elliptic surface, see [T9| 
Section 1.3]. We use the corresponding degeneration of (182"]) to prove the 
GW/P descendent correspondence for R. We obtain the following result. 

Proposition 21. Let Q be the Enriques Calabi-Yau, and let (3 G ^(Q? Z)/tor 
be a curve class. Then, 

Z P (Q;q) e Q(q) , 

25 The second homologies H2(S, Z) and i?2(Q, Z) have 2-torsion for the Enriques surface 
and the Enriques Calabi-Yau. We specify here the curve class only mod torsion. Data 
about the torsion refinement is lost in the degeneration of S. 



80 



and we have the correspondence 



Zp(Q;gJ^ = Z' GW [Q;u^ 



under the variable change —q = e l 
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